Efficient computation of the iteration of functions

TSUNG-HSI TsAI
Institute of Statistical Science

Academia Sinica

Taipei 115
Taiwan
e-mai | : chonghi @tat. sinica.edu.tw
Tel : (886)-2-2783-5611 ext 210

Fax: (886) - 2-2783- 1523

January 3, 2009

Abstract

Given a functionf from {0, 1,..., N — 1} t0{0,1,..., N — 1}, we prove thaif™(z), themth
iterate of f at z, can be computed in tim@(log V) for each natural number. and eachc by
usingO(N) information that is generated in a preprocessing proceduve types of optimal orbit
decompositions of functional graphs are proposed for tleerpcess. Both preprocesses require
only linear time and linear space. Our decompositions mizenthe number of recursions in the
computation off™(z) and solve some open problems in Tsaban (Discrete Appliedhénzdtics
155 (2007) 386—393).
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1 Introduction

LetV ={0,1,...,N —1}andf : V — V. Use f"(x) to denote thenth iterate off atz € V. The
problem we are interested in here is how to preprocess aifimgso that the evaluation gf”*(x) can
be done efficiently for each natural numberandz € V by using the information generated in the
preprocess. The property that the iteration of a functionlmacomputed efficiently is called tlfiast
forward property. Such a property is important in many cryptographic apgibbce, in particular in the
issue of pseudo-randomness [12, 15, 16].

The approach in the paper requir@gV) space to store the information generated in the preprocess.
Practically, this means thaf cannot be too large. In contrasi,is very large in the context of pseudo-
randomness. Still, the ordeé¥ space is tolerable for the problem, since most random mgppiave
no shorter definition than specifying their value for all mpaqgs. However, if space is not a main issue,
the problem becomes quite easy, since the iterates areatdfiyrperiodic and they could be tabulated
in order N space.

Tsaban [15, 16] investigated the problem fobeing a permutation anflbeing an arbitrary func-
tion. The approach is to construct an “orbit decompositioha function f and derive a formula for
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f™(x) from the orbit decomposition. The formula consists of onaursion and five mappings and
these mappings are implemented as lookup tables. Then tnglexity is measured by the number of
times the recursion is called in the process of evaluafifigc). The occasion of applying the recursion
corresponds to the “descent” in the orbit decompositiorusTlthe efficiency of evaluating™ (=) by
this approach relies essentially on the number of descéstban proposed a greedy orbit decompo-
sition to lower the number of descents for practical use. &leage number of descents with respect
to the greedy orbit decomposition@¥log N) by experiments. However, this result is not optimal and
the maximal number of descentsi$+/N) in the worst case.

In this paper we follow the same approach as that of Tsabaichweduces the problem to finding
orbit decompositions that minimize the number of descentsvever, different from Tsaban [16], the
orbit decompositions that we propose are optimal. Namedyprmopose two types of orbit decomposi-
tions that minimize the maximal number of descents and tbeage number of descents, respectively.
Moreover, the numbers of descents of both typesHteg V) for all cases.

The optimal orbit decompositions are closely related ttagefunctionals on rooted trees. The pro-
cedures for constructing the orbit decompositions aredhaes but the rules of orbit are different. The
orbits of the decompositions of the first type are determimethe extended Horton-Strahler numbers
(see [2] and a list of references in Section 3.2 for more mgtion). The orbits of the second type are
determined by the number of nodes of subtrees while thesarbthe greedy orbit decomposition [16]
are determined essentially by the number of levels (or Jegtbubtrees.

2 Preliminary

We recall some basic definitions and results in [15, 16].

Definition. Theorbit of an element: in U C V is the shortest toufz, f(z), f*(x),..., f*(x)) such
that eitherf**!(z) = fi(x) for somed < i < k or f**1(x) ¢ U.

Definition. The sequence of orbits,, C1, ..., C,_; is anorbit decomposition of f if Cy is an orbit in
V andC;isanorbitin — CyuU---U C;_; fori > 0.

Given an orbit decomposition gf

(b0, b1, bsg1)  (Dsgs- -+ bsi—1) (bsy s by-1)
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wheres; = |Cy| + - - - + |C;|. Define two mappings

B | p ifr=s —1,
o(z) =b, and 6(z) —{ w(z) otherwise,

wherep; is the sequence such th&b,,_,) = b,, andr is the permutation with the cycle decomposition
(O,...,So—l)(S(),...,Sl— 1)"'(8572,...7]\[— 1)

Then

f=0o0foc !
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Figure 1. An example of an orbit decomposition of the functfg defined by the arrows of the di-
rected graph on the left hand side, is given as follows:= (5,9), C; = (7,4,6,3), Cy = (8,0),

Cy = (2), Gy = (1). Then{o(i)}_, = {5,9,7,4,6,3,8,0,2,1}, {pi}i_, = {0,3,4,7,4},

™ = (0,1)(2,3,4,5)(6,7)(8)(9) and @ is the function defined by the arrows of the directed graph
on the right hand side. Also, the connectionggfto C;, C, to C; andCj3 to C; are descents. Thus
Dy(x) =0forz =0,1,2,3,4,5, Dg(x) = 1 forz = 6,7,9 andDy(z) = 2 for z = 8.

Note that the orbiC; = (b;, ,,...,bs,—1) IS connected to a prior orbit’;, j < 4, by the mapping
f(bs,—1) = by, if p; < s;_1. We call this mapping, or the connection between two orhitiescent. An
example of an orbit decomposition of a function and the aased terms are given in Figure 1.
Now
ff"=0o0fmoo !

By implementingr ando~! as lookup tables, we only need to investigate the complefigvaluating
0™ (x). Leti(x) be the function such that,) < z < s;(z)41.

Case 1. Ifs;;) < +m < 8j()41, then
0™ (z) =z +m. (1)
Case 2. lfr +m > 5;(2)11 @andp;(z)+1 > Si(), then
0™ () = Piwy1 + (& +m = Si@)41) MO (Si(@)41 — Piw)+1)) - (2)
Case 3. lfr +m > 5,;)41 andp;)41 < 54(2), thend™ () is computed recursively by
0" () = 07T (D). 3)
Recursion (3) corresponds to a descent. By implementingrtappingsi — p;,i — s; and
x — i(x) as lookup tables, we see that the complexity is measured dyntimber of descents

on the tour(x, 0(z),0%*(x),...,0™(x)). Dy(x) denotes the number of descents on the infinite tour
(z,0(x),0%(x),0%(2),...).

Theorem (Tsaban, 2007). The evaluation@f(x) can be done in timé& (Dy(x) + 1) forallxz € V
by using (1), (2), (3) and the lookup tables mentioned above.

NeverthelessDy(z) is not always small (i.eO(log N)). Tsaban proposed a greedy orbit decom-
position for a solution.
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Figure 2: The functional graph on the left hand side can bardegl as the rooted tree on the right hand
side by ignoring all labels and shrinking the cycle to a root.

Definition. The greedy orbit decomposition of f is Cy, C1, ..., C,_; constructed as followsCj is a
maximal length orbit in” andC; is a maximal length orbit i — Coy U --- U C;_; fori > 0.

A simulation by Tsaban indicates that the average (for ramfioctionsf and random points)
of Dy(z) with respect to the greedy orbit decompositions is only alleg, N)/5. However, Tsaban
also proved that the worst case is abQtV .

3 New results

We present two types of orbit decompositions that minimize

max Dy(x) and Z Dy(x 4)

zeV

respectively, in this section. The minimization impliegiogal algorithms for computing™(z) in the
sense of worst and average performance.

3.1 Reduction of the problem to the orbit decomposition of a ooted tree

A functional graph (or random mapping) is a disjoint unioncomponents of directed graphs with
out-degree equal to one and each component containinglyexae cycle. Functional graphs are
widely used and studied in discrete probability (see [4] duedreferences cited there). We simplify the
problem from finding orbit decompositions of a functionadgh to finding orbit decompositions of a
rooted tree.

We consider the functional graphs without labels since #reyunrelated to the values in (4). The
components are orbitindependent. The first orbit in a cormpomust complete the cycle and terminate
on the cycle. Thus the cycle can be regarded as a root and eagfooent can be regarded as a rooted
tree (see an example in Figure 2).

In the procedure of constructing an orbit decompositiongich component an orbit, a path from
a node to the root, is chosen and caltbdsf orbit and then is eliminated from the component. The re-
mainder is again a disjoint union of rooted trees (see an pbaim Figure 3). The procedure continues
recursively until all remainders are empty.
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Figure 3: Eliminate the chief orbit (marked by *) from the ted tree on the left hand side and then the
remainder is the three disjoint rooted trees on the righttsaahe.
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Figure 4: The left graph indicates an orbit decompositioa ajoted tree, where the nodes in the same
orbit are labeled with the same letters. The number of déscdm node is the number of orbits passed
on the path from the node to the root. For instance, the nuoi#gscents op is two since the path
from p to the rootr passes two orbits (orbitand chief orbitr). The right graph shows the number of
descents for all nodes.

From the above graphical point of view, the number of descimta node is the number of orbits
passed through by the path from the node to the root (cyclee &demonstration of counting the
number of descents in Figure 4. Also, an example showing € gdmt decomposition and a poor orbit
decomposition of a comb tree is given in Figure 5.

Now, the problem is to find two types of orbit decompositiofis@ooted tree that minimize the
maximal number of descents and the average number of desoesyiectively.

[
[
M

Figure 5: Middle: a tree rooted at the bold point. Left: a gaokit decomposition with a maximal
number of descents Right: a poor orbit decomposition with a maximal number e$cents as large
ash. Actually, the left orbit decomposition is an orbit decomjtimon minimizing the maximal number
of descents and the right orbit decomposition is the greebly decomposition.
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Figure 6:7 is a tree rooted at with subtreed’, Ts, . . ., T}.

3.2 An orbit decomposition minimizing the maximal number ofdescents

A bottom-up method is applied to construct optimal orbit@apositions. Lefl" be a tree rooted at

r with subtreesly, ..., T, k > 1, as the graph shows in Figure 6. Assume that each subtreas
been given an orbit decomposition. Then therekap@ssible extensions of orbit decompositioriito
That is, we can prolong the chief orbit of any subtfi@dy includingr in the chief orbit and then it
forms an extended orbit decomposition’BnThe following lemma shows the increase of the number
of descents for the extended orbit decomposition.

Lemma 1. Let D,,4(x) be the number of descentsmoWith respect to the existing orbit decompositions
on subtreed?, ..., T} . If we extend the orbit decompositionsToby prolonging the chief orbit of,
to r, then the number of descents with respect to the extendé@dledomposition 0" is D, (r) = 0

and (z) f
| Doa(x if v €T,
Dpew() = { Dga(x) +1 otherwise. ©

Proof. It is obvious that (5) holds sind,..,(z) is the number of orbits passed on the path froto r.
[ |

Suppose that each subtréeis given an orbit decomposition that minimizes the maximahber
of descents. What is the best choice of subffeéen Lemma 1 to minimize the maximal number of
descents iff'? It is easy to guess that the answer is provided by the suthtaédas a node with the
largestD,;;(z). Moreover, if there is only one subtree that has a node wehadlgestD,,,(z) then
the maximum ofD,,.,,(x) is equal to the maximum ab,,;(xz) by Lemma 1. Otherwise, if there is
more than one subtree with the same lardeg}(z), then the maximum ob,,..,(z) is the maximum
of D,q(x) plus1 by Lemma 1.

The function characterized by the above rule has been stud@her areas. It was originally used
to classify river systems [7, 14] and later also appearedinputer science as register functions [6, 8].
The definition was on binary trees. Now, we extend it to rodteds with branching factor 1.

The extended Horton-Strahler (H-S) number. It is defined on nodes inductively by

0 if r has no child,
S(r) =< M(r) if there is only one childi; with S(u;) = M(r),
M(r) +1 ifthere are at least two childran andu; with S(u;) = S(u;) = M(r),

whereM (r) = max{S(u;),...,S(u)} anduy, ..., u; are children of.
Average-case analysis of the H-S number on random binagyg wes studied in [2, 5, 6, 8, 9, 10, 11,

13]. A different extension ten-ary trees was proposed and analyzed in [1, 3]. Howeverxtended
H-S numbers for random functional graphs (random mappingg® not been investigated yet.
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For each component, a “best” chief orbit should be a path fitwroot to a leaf passing the nodes
with the largest extended H-S number locally (if there is enttran one node with the same largest
extended H-S number, then choose any one of them). Exampéesooted tree associated with the
extended H-S numbers and the number of descents for the acelgs/en in Figure 7.

An algorithm to construct an optimal orbit decomposition: Step 1. Find the functional graph. Step
2. Compute the extended H-S numbers. Step 3. Create a tetdid tomponents. Step 4. Choose a
best chief orbit from the first component in the to-do listefs6. Eliminate the chosen orbit and add
new components into the to-do list. Stop when the to-dodishnpty. The complexity of the algorithm
iSO(N).

We have the following theorem.

Theorem 2. The least maximal number of descents is equal to the extddd@dumber on the root of
the tree.

Proof. The theorem can be proved easily by inductiom\anlt is trivial that the theorem holds for
N = 1. For N > 2, assume that the theorem holds for all rooted trees With 1 nodes. Lefl" be a
tree rooted at with V nodes and subtreds, ..., T, k > 1, as the graph shows in Figure 6. hetbe
the root of7;. Then the least maximal number of descentsZiois equal toS(u;) by the assumption.
By the definition of the extended H-S number and Lemma 1, th&t lmaximal number of descents for
TisequaltoS(r). W

Remark. Let 7" be a rooted tree wittV nodes andb(7") be the extended H-S number of the roof/of
Then we have
S(T) <logy(N+1)—1

and the equality holds if, and only if; is a complete binary tree; or, equivalently2if — 1 < N <
241 — 1thenS(T) < d—1,andif N = 2¢ — 1 thenS(T) = d — 1 if, and only if, T is a complete
binary tree.

Proof of the remark. We prove the second proposition by induction/@nlt is trivial that it holds for
N = 1. Assume it holds forvV — 1. Let T3, ..., T, be the subtrees d@f, as the graph shows in Figure
6. Without loss of generality, assume th&t| > 75| > - - - > |T;|. There are two cases:

Case 1.N = 2% — 1. If T'is a complete binary tree then cleadyT) = d — 1. Supposé€l is not

a complete binary tree. We will sho#(7)) < d — 1. Note that for alli, |T;| < 2¢ — 1 and thus
S(T;) < d — 2. Thus, itis enough to show that there is at most vsach thatS(7;) = d — 2. If

k =2 and|T}| = |Tz| = 2%~ — 1 then at least one df, andT5; is not a complete binary tree, and thus
min{S(7}), S(Tz)} < d—2. Otherwise, for alf > 1, we haveT;| < 2471 —1 and thenS(T;) < d —2.
Case 22?7 — 1 < N < 2%1 — 1. Note tha|T}| < N < 2%+ — 1, thusS(Ty) < d — 1. Foralli > 1,
we havelT;| < 2¢ — 1 and thenS(7;) <d —1.ThusS(T)<d—1. R

3.3 An orbit decomposition minimizing the average number oflescents

We follow the bottom-up method in the previous subsectiormnFLemma 1 we have the following
lemma.
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Figure 7: Left: the extended H-S numbers. Right: the numbdescents for the nodes with respect to
an orbit decomposition determined by the extended H-S ntsnbe
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Figure 8: Left: the number of offspring for nodes (includitmg node itself). Middle: the number of
descents for the nodes with respect to an orbit decomposigtermined by the number of offspring.
Right: the values of\(r). Also, the sum of the numbers on the center tree is equal teuthreof the
numbers on the right tree.

Lemma 3. Let m; be the total number of descents for nodedjirwith respect to the existing orbit
decompositions on subtre@s, . . ., T},. If we extend the orbit decompositions’toby prolonging the
chief orbit of 7, to r, then the total number of descents of nodes with respect to the extended orbit
decomposition is equal to

k
> (mi+|T) - |T.]. (6)

i=1

To minimize (6), the best choice of subtrees should be thewotiethe largest number of nodes.
Thus, a best chief orbit should be a path from the root to apeaking the nodes with the largest
number of offspring locally (if there is more than one nod#&wthe same largest number of offspring
then choose any of them). The construction of the orbit dgammion is similar to the algorithm in the
previous subsection, except for the rule of choosing thé.orb

Define

k
A(r) =) T = max{|Ti] ... |Ti[}
i=1

as the smallest increment in (6). Examples of a rooted treecasted with the number of offspring of
nodes, the number of descents for the nodes with respectddoardecomposition determined by the
number of offspring and the values &fr) are given in Figure 8.

It is easy to prove that the least total number of descentgualé¢o) - A(r) by induction onN.
Thus we have the following theorem.
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Figure 9: The numbers are the values\¢f). The value ofy _A(r) is 5 and the number of nodes’is
for the left pair of trees. For the right pair of trees, theweadf) ©  A(r) is 17 and the number of nodes
is 15.

Theorem 4.The least average number of descents is equal Y0, A(r).

For complete binary trees,

- 14—
24 — 1 24 — 1 2 +2d—1’

1 S (k1 —1)2d-k god-l _9d 1 ¢ d
NZA(r) = k=l =

whered is the number of levels. Intuitively, one would guess thahptete binary trees are the worst
cases. However, we found some trees that are not completeytirees, but they have the same values
of >°_ A(r) and the same number of nodes as complete binary trees. Eesuamel given in Figure 9.

It is not easy to justify whether complete binary trees aneagb worst cases or not. The average (with
respect to all functional graphs of the same number of naafelk value) | A(r) is also unknown.

Remarks. We can give another interpretation of our work in terms afi$gortation systems. Consider
the problem of designing a system of bus transportationawitioverlapping routes. It is analogous
to an orbit decomposition of a graph. By regarding orbits &s Imes, descents as transfers and the
root of a tree as the center of the system, our work can therahslated into designing two systems
that minimize the maximal and average numbers of transfens €ach stop to the center, respectively.
The example in Figure 5 shows an efficient system (good ogsibohposition) and an inefficient system
(poor orbit decomposition). However, it is not obvious if eethod can be extended to general graphs.
How to find an orbit decomposition that minimizes the numidétransfers” for general graphs is an
interesting question.
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