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Abstract

Cauchy-Euler differential equations surfaced naturally in a number of sorting and searching
problems, notably in quicksort and binary search trees and their variations. Asymptotics of
coefficients of functions satisfying such equations has been studied for several special cases in the
literature. We study in this paper the most general framework for Cauchy-Euler equations and
propose an asymptotic theory that covers almost all applications where Cauchy-Euler equations
appear. Our approach is very general and requires almost no background on differential equations.
Indeed the whole theory can be stated in terms of recurrences instead of functions. Old and new
applications of the theory are given. New phase changes of limit laws of new variations of quicksort
are systematically derived. We apply our theory to about a dozen of diverse examples in quicksort,
binary search trees, urn models, increasing trees, etc.

Key words. Quicksort, binary search trees, Cauchy-Euler differential equations, asymptotic trans-
fers, method of moments, phase changes, convergence in distributions.

1 Introduction

Cauchy-Euler differential equations. Differential equations of the type

(1− z)rf (r)(z) = cr−1(1− z)r−1f (r−1)(z) + · · ·+ c0f(z) + φ(z), (1)

with given initial conditions will be referred to, here and throughout this paper, the Cauchy-Euler
differential equations (CE equations, for short); see Nagle et al. [88]. Here r is a positive integer, f
and φ are analytic functions or formal power series, and the cj ’s are complex numbers. Such equations
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are also referred to in the literature as Euler equations, Euler-Cauchy equations, or equidimensional
equations; see Bender and Orszag [10], Ince [65]. Equations of this type often appear in analysis of
algorithms, notably in analysis of quicksort and search trees. We propose in this paper an asymptotic
theory for the coefficients of zn in the Taylor expansion of f when the cj ’s are given and asymptotics
of the coefficients of φ is known. Our framework covers all previous cases and our method of proof
is very general and applies to almost all possible forms of interests of (1). Important applications of
our theory to distributional properties of cost measures of a variety of quicksort are also given.

Quicksort. Sir Charles Antony Richard Hoare (knighted in 2000) invented quicksort in the early
sixties (see Hoare [56, 57]), which has since become one of the most widely used and studied sort-
ing algorithms. Quicksort was ranked among the top ten algorithms in the 20th century with the
greatest influence on the development and practice of science and engineering (see [66]). The sim-
plicity and efficiency of quicksort has tremendous impact on both the theory and the practice of
sorting and related algorithms. On the practical side, a huge number of variants of quicksort have
been devised and applied in diverse disciplines, the usefulness of the prototypical design paradigm
increasing significantly the popularity of quicksort. On the theoretical side, the probabilistic analysis
of quicksort and its variations introduced many intriguing phenomena and challenging problems,
the close relationship between quicksort and binary search trees adding further dimensions to the
40-year-old sorting algorithm. More results, connections and references will be given later.

Interestingly, the original paper by Hoare [57] on quicksort remains the most cited paper after
40 years of its invention among papers dealing with quicksort, according to the statistics collected
from ISI’s (Institute of Scientific Information) SCI and NEC’s ResearchIndex databases.

For variants of quicksort (for linear arrays and for sequential machines) before 1975, see Sedgewick
[101, 102], and [2, 5, 12, 23, 34, 37, 58, 86, 87, 96, 99, 111, 113, 115, 116, 117] after 1975.

Description of quicksort. Given a sequence of distinct keys (or elements, numbers, etc.), the
quicksort proper works as follows. The sorting is complete if there is only one key to be sorted;
otherwise, choose a pivot, say x, from the input and then partition the input into two subsets
containing keys with values smaller and larger, respectively, than x. Then sort the two subfiles
recursively by the same procedure.

Although such a quicksort has poor worst-case performance (quadratic in input size), it is very
efficient for most practical purposes, and theoretical analysis under the usual uniform permutation
model confirms such a phenomenon (see [72, 102]). Major practical variants of quicksort in the
literature concentrate on avoiding the potential worst-case without slowing significantly down the
highly efficient inner loops. One of the most frequently used ideas to achieve this is to take the median
of a random sample of odd size (even size samples having no gain, as demonstrated by Sedgewick
[102] and Hennequin [54]) and the most successful variant is the median-of-three version due partly
to simplicity of implementation and file size of most applications.

Another interesting variant (inter alia) was introduced by Bentley and McIlroy [11]: instead of
choosing the median of three elements as the pivot, they use the median of three elements each of
which is the median of three elements and call this approximate median-of-nine the ninther, after
J. W. Tukey [112]. Note that for a random permutation of nine elements, the ninther equals the
median with probability 4/7 and is the fourth or sixth smallest with equal probability 3/14; it
requires 32/3 comparisons on average to find the ninther, which is smaller than the theoretically best
median-finding algorithm for nine elements; see Knuth [72, §5.3.5]. In general, the idea of choosing an
easily-computable approximate median is extremely useful and has been fruitfully applied in diverse
disciplines ranging from computational statistics to databases, from fuzzy systems to geography (see
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for example [9, 25, 33, 60, 69, 82, 98, 118]). We will consider several new ways of extending the
ninther quicksort and study the phase changes of the limiting distributions of a linear cost measure.

A class of quicksort. If the pivot of quicksort is selected by taking first a random sample of r
elements, and choosing the (j + 1)-st order statistics in this sample with probability pj , then the
moments of the cost measures of this quicksort satisfy the recurrence (assuming, here and throughout
this paper, the usual uniform permutation model for the input)

an =
∑

0≤k<n
πn,k(ak + an−1−k) + bn, (2)

with suitable initial conditions, where (see [7, 54, 83, 102])

πn,k =
∑

0≤j<r
pj

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) ,
∑

0≤j<r
pj = 1.

Note that the ratio
(
k
j

)(
n−1−k
r−1−j

)
/
(
n
r

)
is the probability that the (j + 1)-st order statistics of a random

permutation of r elements is the (k + 1)-st order statistics of a random permutation of n elements.
Also

∑
0≤k<n πn,k = 1. An interpretation of this quicksort in terms of search trees is given in

Section 3; another urn model interpretation is given at the end of Section 4.

A quicksort interpretation to CE equations. To see how CE equations are generated from
real problems, observe that we can first rewrite (1) in the form

f (r)(z) =
∑

0≤j<r
cj(1− z)−(r−j)f (j)(z) + g(r)(z),

where g(r)(z) := (1− z)−rφ(z). Then the coefficients an := [zn]f(z) and bn := [zn]g(z) satisfy, where
[zn]f(z) denotes the coefficients of zn in the Taylor expansion of f ,

an =
∑

0≤k<n
π′n,kak + bn, (3)

where

π′n,k :=
∑

0≤j<r
c′j

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) , c′j := cj
j!
r!
.

This is of the same form as (2) and thus gives an “algorithmic interpretation” of CE equations in
the case when cj = r!(pj + pr−1−j)/j!.

Order vs coefficients. While the CE equations are usually treated as easy cases in most text-
books on differential equations, the asymptotics of the Taylor coefficients (of functions satisfying
CE equations) is more subtle as far as more precise expansions are concerned. This problem also
arises for general differential equations. The main problem is that to determine the order of the
solution of a differential equation, an O-estimate for the function near the singularity suffices, while
to compute the asymptotics of the Taylor coefficients, all constants involved have to be determined
in more explicit forms, together with more uniform estimate of the function. Typical examples
of such a situation (where explicit determinations of the dominant constants are difficult) include
partial-match queries in k-d trees [45], partial-match queries in quadtrees [41], and the number of
consecutive records [21].
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Methodology. Restricting to CE equations, the method of linear operator (see [19, 20, 50, 54, 65,
102]) is especially useful for providing effective forms of the coefficients in the asymptotic expan-
sion of the function (near its dominant singularity); it is also computationally simpler than other
approaches such as the method of undetermined coefficients and the method of variation of parame-
ters. We extend and summarize this approach and provide a general framework (cf. [20]). While our
approach relies heavily on and exploits fully the decomposability of the CE equations, it is completely
elementary (in the sense that it does not use complex analysis) and no analytic properties of the
equations are used.

The approach is, although similar, different from that used in our previous paper [20]. It is
still elementary but less computational. Another new feature of our approach is that we can easily
include the case of zeros of higher orders. All previous approaches for this class of problems rely on
the simplicity of the zeros, which is in many cases not obvious to prove; see Sections 3 and 4 for
concrete examples. We show that the multiplicity of the dominant zero changes only mildly the form
of the asymptotic approximations.

Also the differential equations in this paper are purely “formal” in nature. Convergence of
series or unicity of solutions are immaterial in our analysis since our approach does not rely on
any analytic properties, but instead manipulates the differential equations in terms of the underlying
Taylor coefficients. This means that we can even have series of the form

∑
n n!zn (without any radius

of convergence) as the inhomogeneous part. While we might develop our arguments by completely
avoiding differential equations and by using only sequences and recurrences, the resulting proof would
be messier, less elegant, and the interplay between analytic approach and algebraic approach less
transparent; see Section 2.3 for more detailed discussions.

Binary search trees (BSTs). Quicksort algorithms are divide-and-conquer in nature and have
a natural correspondence to binary search trees. Given a sequence of distinct elements, the binary
search tree associated with this sequence is constructed by placing the first element of the sequence
in the root; the remaining elements are compared to the root element; those smaller elements are
directed to the left branch and are constructed recursively as a BST; the larger elements are similarly
constructed as the right subtree. See Stephensen [108] for an alternative construction.

Such a construction makes it possible to interpret some cost measures of quicksort in terms of
parameters in BSTs and vice versa. For example, the number of comparisons used by quicksort is
essentially the path length of BST, and the number of partitioning stages in quicksort corresponds
to the number of non-leaf nodes in BSTs. On the other hand, the m-ary search tree, one natural
extension of BST to multiway search trees, can be interpreted as quicksort using multiple pivots.

Such a connection is remarkable since it links an algorithm to a data structure, an array to a
tree, on the one hand, and a sorting problem to a searching problem, on the other hand. It is this
multifaceted feature that makes quicksort and BST so popular, fundamental and prototypical.

While quicksort is closely related to BSTs, they are not identical in all aspects. For example,
it does not seem obvious how to construct practical versions of quicksort that correspond to, say
hight-balanced (or AVL) BSTs. Also there are many multidimensional extensions of BSTs like k-d
trees and quadtrees, but “multidimensional quicksort” is not obvious since there is no total ordering
for multivariate data.

Binary increasing trees. An alternative way of constructing a tree structure from a sequence
of distinct elements is as follows. Put the smallest element in the root; this splits the sequence
into three parts: left part, the smallest element itself, and the right part; construct the left and
right parts recursively as (binary) increasing trees. By construction, all paths from a node to the
root form a decreasing sequence. Such trees are sometimes called tournament trees, nestling trees,
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or heap-ordered trees; see Bergeron et al. [13], Burge [15], Françon [46], Kundu [73], Smythe and
Mahmoud [106], Stanley [107, pp. 23–25], Vuillemin [114] for further information. These is indeed
a bijection between increasing trees and BSTs. Variants of these trees introduce, as those of BSTs,
naturally CE equations for recursively defined parameters.

Method of moments. The first use of the method of moments can be traced back to Chebyshev’s
work on the moment problem and the classical central limit theorems (see [1, 17]). The fundamental
theorem for this method is the moment convergence theorem of Frechet and Shohat (see [47, 76]): If
E(Xm

n ) → µm < ∞ for all m ≥ 0, and the sequence {µm} determines uniquely a distribution, then
Xn converges in distribution to some random variable X, and E(Xm) = µm. Such an approach,
although primitive in some sense, has been successfully applied to many problems (see, for example,
[14, 27, 32, 67]). Applications of this method to analysis of algorithms include: height and path
length in binary trees (see [42], [110]), log-product of subtree sizes in BSTs (see [38]), linear probing
hashing (see [44]), tries (see [100]), and, more recently, m-ary search trees (see [20, 61]), quicksort
under varying “toll functions” (see [62]), quickselect (see [63]), broadcast communication model (see
[18]), and bucket digital search trees (see [59]).

The usefulness of the method of moments is further discussed in Section 3, where we propose a
simple class of quicksort-type recurrences, with an emphasis on phase changes of the limit laws.

Asymptotic transfers. Most cost measures of quicksort or characteristic parameters of BSTs are
recursive in nature. This means that all moments (centered or not) satisfy essentially the same type
of recurrence with different “inhomogeneous part” (or “toll function”). Thus all asymptotic estimates
needed for the moments can be encapsulated into the so-called “asymptotic transfers” in which we
deduce asymptotics of the solution to the recurrence in question from that of the “toll functions”.

For example, in the case (3), we assume that the asymptotics of bn is known to some extent and
then derive asymptotics of an. The extent of the asymptotics to which bn should be known depends
on applications. Also the tools (analytic or elementary) needed for deriving the asymptotic transfers
vary from one problem to another. However, the rough idea is that if the “toll function” is large and
dominating, then the analysis is in general easier; the analysis is more delicate if the “toll function”
is small since we have to find means of summing all contributions from each individual part.

Phase changes. Random structures often exhibit phase changes under varying parameters and
have received much attention in recent computer science literature, notably for NP-complete or NP-
hard problems; see for example Dubois et al. [35]. The phenomenon is similar to the usual change
of phase of matters (like water).

For quicksort (at large), we have demonstrated two types of phase changes of the limit laws for
some cost measures:

1. from normal to non-existence (see [20]);

2. from normal to non-normal (see [62]).

We will refer to the first type of phase change as type I phase change and that of the second the type
II phase change. The type I phase change occurs when we increase the sample size or increase the
number of pivots used; The type II phase change occurs when we increase the “toll functions” (the
cost used in partitioning the input) from small (O(n1/2)) to large (� n1/2). Note that statistical
physicists also distinguish between two types of phase transitions: type I (discrete) and type II
(continuous). We use “phase change” instead of “phase transition” since the varying parameters in
our problems are all integers.

5



In theory, we can produce both types of phase changes by considering the class of (binary)
quicksort described above by varying the underlying distribution {pj}j . We will consider random
variables of the form

Xn
d= XIn +X∗n−1−In + 1 (n ≥ r),

with Xn = 0 for 0 ≤ n < r, where P (In = k) = πn,k. Here the X∗n’s and the Xn’s are independent and
have the same distribution. This class of random variables corresponds to the number of partitioning
stages used by the quicksort described above.

The important index is, as before, the second largest zero(s) (in real parts) of the associated
indicial equation:

Λr(ϑ) := ϑ · · · (ϑ+ r − 1)− r!
∑

0≤j<r
(pj + pr−1−j)

ϑ · · · (ϑ+ j − 1)
j!

= 0.

We will consider a simple cost measure, the number of partitioning stages used by quicksort, in
Section 3. Our results roughly say that

1. if the second largest zero(s) are complex (denoting their real part by α):

(a) if α ≤ 3/2, then the limiting law is normal;

(b) if 3/2 < α < 2, then the limiting law does not exist;

2. if the second largest zero(s), denoted by α, is real:

(a) if α ≤ 3/2, then the limiting law is normal;

(b) if 3/2 < α < 2, then the limiting law exists and is not normal.

New variants of quicksort evincing the type I phase changes will be given. For example, if we use
the remedian of 3d elements, defined recursively as the median of three remedians of 3d−1 elements,
then the limiting distribution of the number of partitioning stages is normal for d ≤ 5, and does not
exist for d ≥ 6 (note that the sample size is 36 = 729). If pj =

(
r−1
j

)
/2r−1, then the same phase

change of the limit laws occurs at r = 236. Similarly, if we choose the pivot as the median of (2s+1)
medians each of which is the median of (2t + 1) elements, then a complete description of the pairs
leading to asymptotic normality is given in Table 1.

t 0 1 2 3 4 5 6 7 8,9 10,11 12,. . . ,16 17,. . . , 25 26,. . . ,58
0 ≤ s ≤? 58 25 16 11 9 7 6 5 4 3 2 1 0

Table 1: The upper bound of s for each fixed t (in quicksort using (s,t)-median) for which the
asymptotic normality subsists. The table is symmetric in s and t. Also the degenerate case (s, t) =
(0, 0) has to be discarded.

Thus the determination of the limit laws is more or less reduced to the calculation of the real part
of the second largest zero(s). While we can easily produce lots of examples with type I phase change,
it is not obvious how to generate concrete probability distributions with type II phase change.

Organization of the paper. We start in the next section with the asymptotics of CE equations
and extend our previous framework on asymptotic transfers in [20] to cover general CE equations
of the form (1). Refinements of some asymptotic approximations under stronger assumptions of the
“toll function” (corresponding to non-homogeneous part) are also discussed. We then consider in
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Section 3 a class of quicksort and study possible phase changes of limit laws associated with such
sorting schemes when we vary the underlying probability distribution of choosing the order statistics.
Our proof relies on the method of moments and the asymptotic transfers derived in Section 2.
Applications are then discussed in Section 4 and they deal mostly with variants of quicksort and
BSTs.

2 Asymptotics of CE equations

In this section, we consider the general, inhomogeneous, high-order, Cauchy-Euler, linear differential
equations of the form

(1− z)rf (r)(z) =
∑

0≤j<r
cj(1− z)jf (j)(z) + (1− z)rg(r)(z), (4)

with the initial conditions f (j)(0) = g(j)(0), 0 ≤ j < r, which, in terms of an := [zn]f(z) and
bn := [zn]g(z), can also be written as aj = bj for 0 ≤ j < r.

Under the sole assumption that the dominant zero of the indicial equation associated with (4) is
simple with real part positive, we can automatically infer asymptotics of an from that of bn; precise
expressions are given for major constants involved. The assumption is more a technical convenience
than a restriction, and our approach can be easily modified in case when the assumption fails; this
is discussed in Section 2.4.

2.1 Solutions of general CE equations

Linear operator. The starting point for solving (4) is to introduce the linear differential operator
ϑ := (1− z) d

dz and (1− z)j dj

dzj
= ϑj := ϑ(ϑ+ 1) · · · (ϑ+ j − 1) for each j ∈ N. Then we can rewrite

(4) as

Λr(ϑ)f(z) := φ(z), where Λr(ϑ) := ϑr −
∑

0≤j<r
cjϑ

j . (5)

From an analytic point of view, analytic properties of φ(z) in the inhomogeneous part are indis-
pensable in justifying the unicity of solution, and in solving the equation (either exactly or asymp-
totically). Our approach proceeds along a very different line; it views the equation as some formal
“coefficients transform” that links the Taylor coefficients of φ(z) to those of f(z); see (3). Thus all
our manipulations of the equation are taken at the level of coefficients; see below for more details.

Indicial equation. The indicial equation associated with (5) is Λr(ϑ) = 0. The zeros of polynomial
Λr(ϑ), when viewing ϑ as a complex variable, determine the solutions of the homogeneous equation
Λr(ϑ)y = 0. Let the zeros of Λr(ϑ) be arranged in descending order of their real parts as

<(λ1) ≥ <(λ2) ≥ <(λ3) ≥ · · · ≥ <(λr).

Also let Z := {(ρj ,mj)}1≤j≤κ denote the set of pairs of distinct zeros and their multiplicities; more
precisely,

Z :=
{

(ρ,m) : Λ(j)
r (ρ) = 0, 0 ≤ j < m, but Λ(m)

r (ρ) 6= 0 for ρ ∈ C, m ∈ N
}
.

7



General solutions to homogeneous equations. When (ρ,m) ∈ Z, the function

y(z) =
∑

0≤j<m
Cj(1− z)−ρ logj(1− z),

is a solution to the equation Λr(ϑ)y = 0, where the Cj ’s are constants. Thus the general solution of
Λr(ϑ)y = 0 is of the form

y(z) =
∑

(ρ,m)∈Z

∑
0≤j<m

Cj(ρ)(1− z)−ρ logj(1− z),

where the Cj(ρ)’s are constants.

The fundamental equation. Recall the following simple lemma.

Lemma 1 ([20, Lemma 2]). The function

Y (z) = y0(1− z)−ρ + (1− z)−ρ
∫ z

0
(1− x)ρ−1φ(x) dx

is the exact solution to the first-order differential equation{
(ϑ− ρ)Y (z) = φ(z),
Y (0) = y0.

Analytic solution vs formal solution. Lemma 1 implicitly assumes that the integral is conver-
gent. What happens if the integral diverges? This happens when φ(z) has singularities on the path
of integration or even converges only at z = 0. The lemma is to be interpreted in a formal power
series sense as follows.

Lemma 2. Let φ(z) =
∑

n≥0 φnz
n and Y (z) =

∑
n≥0 ynz

n be two formal power series. Then the
solution to the recurrence

yn =
ρ

n

∑
0≤j<n

yj +
1
n

∑
0≤j<n

φj (n ≥ 1), (6)

with y0 given, satisfies

yn = y0

(
n+ ρ− 1

n

)
+
∑

0≤k<n

φk
k + 1

∏
k+2≤j≤n

(
1 +

ρ− 1
j

)
(n ≥ 0). (7)

Proof. By (6),
nyn = ρ

∑
0≤j<n

yj +
∑

0≤j<n
φj (n ≥ 1).

Simplifying the difference nyn − (n− 1)yn−1 leads to

yn =
n+ ρ− 1

n
yn−1 +

φn−1

n
.

Iterating the recurrence yields (7).
Here and throughout this paper, all differential equations are to be interpreted in this way, although

in many cases the differential equations are also analytically meaningful. This is the first step towards
our general “asymptotic transfers” without any analytic conditions on the associated generating
functions.
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Formal solutions. For convenience, define, for |z| < 1,

Iρ[φ](z) = (1− z)−ρ
∫ z

0
(1− x)ρ−1φ(x) dx (ρ ∈ C).

Then for m ≥ 1

I [m]
ρ [φ](z) := Iρ

[
I [m−1]
ρ [φ]

]
(z) =

Iρ ◦ Iρ · · · ◦ Iρ︸ ︷︷ ︸
m

 [φ](z)

= (1− z)−ρ
∫ z

0
(1− z1)−1

∫ z1

0
· · · (1− zm−1)−1

∫ zm−1

0
(1− zm)ρ−1φ(zm) dzm · · · dz1.

By applying successively the lemma, we obtain the following extension.

Corollary 1. The function

Y (z) = (1− z)−ρ
∑

0≤j<m
(ϑ− ρ)j(Y )(0)

1
j!

logj
1

1− z
+ I [m]

ρ [φ](z)

solves the linear differential equation

(ϑ− ρ)mY (z) = φ(z) (m ∈ N). (8)

The expression I
[m]
ρ [φ](z) can be simplified in certain special cases. Here we list some cases that

are frequently encountered.

Corollary 2. Assume η, ρ ∈ C and η 6= ρ. Then

Iρ

[
(1− z)−η

k!
logk

1
1− z

]
(z) = (1− z)−η

∑
0≤j≤k

(η − ρ)−k+1+j

j!
logj

1
1− z

− (1− z)−ρ

(η − ρ)k+1
, (9)

for k ∈ N.

Proof. Apply iteratively the relation

Iρ

[
(1− z)−η logk

1
1− z

]
(z) =

1
η − ρ

(1− z)−η

k!
logk

1
1− z

− 1
η − ρ

Iρ

[
(1− z)−η logk−1 1

1− z

]
(z).

Corollary 3. For m ∈ N,

I [m]
ρ

[
(1− z)−ρ

]
(z) =

1
m!

(1− z)−ρ logm
1

1− z
, (10)

and

I [m]
ρ

[
(1− z)−1

]
(z) =

(1− z)−1

(1− ρ)m
− (1− z)−ρ

∑
0≤j<m

1
j!

(1− ρ)−m+j logj
1

1− z
. (11)

Proof. The first identity (10) is obvious; the second follows from the relation

I [m]
ρ

[
(1− z)−1

]
=

1
(1− ρ)

(
I [m−1]
ρ

[
(1− z)−1

]
− I [m−1]

ρ [1]
)
.

Note that I [m]
ρ [cφ] = cI

[m]
ρ [φ] for any c ∈ C.
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General solutions to inhomogeneous equations. By successively applying (8) to (5) and by
incorporating the general solution y(z) of Λr(ϑ)y = 0, we obtain the general solution to (5) as
follows.

f(z) =
∑

1≤k≤κ

∑
0≤j<mκ

Cj(ρk)(1− z)−ρk logj(1− z) + I [mκ]
ρκ

[
I [mκ−1]
ρκ−1

[
· · · I [m1]

ρ1
[φ] · · ·

]]
(z), (12)

where Cj(ρk) ∈ C are constants.

Main problem: determination of the constants. In theory, the constants Cj(ρ) appearing
in (12) can be determined by the initial conditions of the equation f (j)(0) = j!bj , 0 ≤ j < r. The
basic problem is to determine these constants in effective and manageable forms so that they are
as transparent as possible. But a straightforward determination of these constants always involves
complicated computations, and thus we need a better approach.

2.2 Asymptotic transfers

We propose in this section a framework of asymptotic transfers. The main problem is, as described
above, the determination of the constant in the dominant term in (12). We show that a suitable
application of the method of linear operator leads to an effective form for the constant, as we did in
[20]. Such an approach is very general, yet requiring almost no background on differential equations
or matrix computations. It is thus elementary in nature, although we manipulate the calculations
via generating functions.

We study recurrences of the form

an =
∑

0≤k<n
ak

∑
0≤j<r

cj
j!
(
k
j

)(
n−1−k
r−1−j

)
r!
(
n
r

) + bn, (13)

for n ≥ r, with an := bn for 0 ≤ n < r. Here the cj ’s are complex numbers such that |c1|+· · ·+|cr−1| 6=
0. Define

Λr(ϑ) := ϑr −
∑

0≤j<r
cjϑ

j ,

and arrange the zeros of Λr(ϑ) in decreasing order of their real parts:

<(λ1) ≥ <(λ2) ≥ · · · ≥ <(λr).

Theorem 1. Assume that the zero λ1 of the indicial polynomial Λr(ϑ) is simple and <(λ1) > <(λj)
for all 2 ≤ j ≤ r. Let ν = <(λ1) > 0.

(i) If

bn = o
(
nν−1

)
, and K0 :=

∑
k≥0

k! bk
λk+1

1

converges, (14)

then an ∼ K1n
λ1−1, where

K1 :=
1

Λ′r(λ1)Γ(λ1)

λr1K0 −
∑

0≤k<r−1

k!bk
λk+1

1

∑
k<j<r

cjλ
j
1

 ; (15)

if
∑

0≤j<r cjΓ(λ1 + j)/Γ(λ1 + r) = 1 then the conditions (14) are also necessary.

10



(ii) If bn = K2

(
n+λ1−1

n

)
+ wn, where wn satisfies (14), then

an ∼
λr1

Λ′r(λ1)Γ(λ1)
nλ1−1

K2

∑
0≤k<n

1
λ1 + k

+K3

 , (16)

where

K3 =
1
λr1

∑
0≤k<r

k!bk
λk+1

1

∑
0≤j≤k

cjλ
j
1 −K2

∑
2≤j≤r

1
λ1 − λj

+
∑
k≥r

k! wk
λk+1

1

.

(iii) If bn ∼ K4n
υ logβ n, where <(υ) > ν − 1 and β ∈ R, then

an ∼
K4Γ(υ + r + 1)

Λr(υ + 1)Γ(υ + 1)
nυ logβ n. (17)

This theorem is a generalization of Proposition 7 of [20]. Note that K0 converges iff
∫ 1

0 (1 −
x)λ1−1g(x) dx converges, where g(z) :=

∑
n≥0 bnz

n, and that an = o(nν−1) when K1 = 0.

2.3 Proof of Theorem 1

Lemmas. Recall that Iρ[φ](z) := (1− z)−ρ
∫ z

0 (1− x)ρ−1φ(x) dx.
For convenience, let Qτ := {Q(z) : [zn]Q(z) = o(nτ )}, where τ ∈ R.

Lemma 3. If Q(z) ∈ Qτ , then Iρ[Q](z) ∈ Qτ for τ > <(ρ)− 1.

Proof. Recall from (7) that

[zn]Iρ[Q](z) =
∑

0≤k<n

[zk]Q(z)
k + 1

∏
k+2≤j≤n

(
1 +

ρ− 1
j

)
,

since y0 = 0 there. Now

∏
k+2≤j≤n

(
1 +

ρ− 1
j

)
= exp

(ρ− 1)
∑

k+2≤j≤n

1
j

 ∏
k+2≤j≤n

(
1 +

ρ− 1
j

)
e−(ρ−1)/j

= O
(
n<(ρ)−1(k + 1)−<(ρ)+1

)
,

uniformly for 0 ≤ k < n. By applying this estimate to (7),

[zn]Iρ[Q](z) = O

n<(ρ)−1
∑

1≤k≤n

|[zk]Q(z)|
k + 1

k−<(ρ)+1


= o

n<(ρ)−1
∑

1≤k≤n
kτ−<(ρ)


= o(nτ ).

Thus Iρ[Q](z) ∈ Qτ .

11



Lemma 4. If [zn]Q(z) ∼ cnυ logβ n, where c ∈ C and <(υ) > <(ρ)− 1, then

[zn]Iρ[Q](z) ∼ c

υ + 1− ρ
nυ logβ n.

If [zn]Q(z) ∼ cnρ−1 logβ n, where β > −1, then

[zn]Iρ[Q](z) ∼ c

β + 1
nρ−1 logβ+1 n. (18)

Proof. By (7) and Stirling’s formula for the Gamma function,

[zn]Iρ[Q](z) =
Γ(n+ ρ)

n!

∑
0≤k<n

k!
Γ(k + ρ+ 1)

[zk]Q(z)

∼ cnρ−1
∑

1≤k≤n
k−ρ+υ logβ k

∼ c

υ + 1− ρ
nυ logβ n.

The proof implicitly assumes that ρ is not a negative integer. If ρ = −k, where k ∈ N, then the same
estimate holds by simply dropping the first k terms in (7).

The proof of (18) is similar.

Proof of Theorem 1. Case (i).

Our starting point is the differential equation (see (4), (5))

Λr(ϑ)f(z) = (1− z)rg(r)(z).

The proof is easier if one assumes that g admits analytic continuation in some extended region outside
the unit disk since the cancellation caused by the factor (1 − z)r can be easily incorporated. The
situation becomes more intricate once this condition is dropped; see the discussions at the end of
this section.

Contribution from the dominant zero λ1. Define Ω1(ϑ) := Λr(ϑ)/(ϑ−λ1). Then by Lemma 1,

Ω1(ϑ)f(z) = (Ω1(ϑ)f) (0)(1− z)−λ1 + Iλ1 [(1− z)rg(r)](z). (19)

By applying the elementary identity

ϑj

ϑ− λk
= λjk

∑
0≤s<j

ϑs

λs+1
k

+
λjk

ϑ− λk
(k = 1, . . . , r; j = 0, 1, . . . ),

we have

Ω1(ϑ) =
∑

0≤k<r

ϑk

λk+1
1

λr1 − ∑
k<j<r

cjλ
j
1

 .

Now applying this operator to f , using the relations

ϑjf(z)
∣∣
z=0

= f (j)(0) = j!bj (0 ≤ j < r),

12



we obtain

C1 := (Ω1(ϑ)f)(0) =
∑

0≤k<r

k!bk
λk+1

1

λr1 − ∑
k<j<r

cjλ
j
1

 . (20)

Thus

Ω1(ϑ)f(z) = C1(1− z)−λ1 + Iλ1 [(1− z)rg(r)](z). (21)

Contribution from the second zero. By definition Ω1(ϑ) =
∏

2≤j≤r(ϑ − λj). Define Ω2(ϑ) :=
Ω1(ϑ)/(ϑ− λ2) (whether λ2 is simple or not). Applying Lemma 1 to (21) using (9), we obtain

Ω2(ϑ)f(z) =
C1

λ1 − λ2
(1− z)−λ1 + Iλ2 [Iλ1 [(1− z)rg(r)]](z) +Q1(z),

where Q1(z) ∈ Qν−1.

Contribution from the remaining zeros. Since the preceding analysis used only Lemma 1
and <(λ1) > <(λ2), it can be further applied to other zeros no matter they are simple or not. By
repeating the same argument, we obtain

f(z) =
C1(1− z)−λ1

(λ1 − λ2) · · · (λ1 − λr)
+ Iλr

[
· · · Iλ1 [(1− z)rg(r)] · · ·

]
(z) +Q2(z), (22)

where Q2(z) ∈ Qν−1.
It remains to simplify the compositional term

Ur(λ1, . . . , λr)(z) := Iλr

[
· · · Iλ1 [(1− z)rg(r)] · · ·

]
(z) (r ≥ 1).

We prove by induction that

Ur(λ1, . . . , λr)(z) =
λr1Iλ1 [g](z)

(λ1 − λ2) · · · (λ1 − λr)
− λr1

∑
0≤k<r

k!bk
λk+1

1

(1− z)−λ1 +Q3(z), (23)

where Q3(z) ∈ Qν−1.

First induction. Before proving (23), we first show that

Uk(λi1 , . . . , λik)(z) ∈ Qν−1, (24)

for any subset {i1, . . . , ik} ⊂ {2, . . . , r} and for any 1 ≤ k < r.
First if k = 1 then by integration by parts

U1(λi1)(z) = Iλi1 [(1− z)g′](z)

= g(z)− g(0)(1− z)−λi1 + λi1Iλi1 [g](z)
∈ Qν−1,

where we used again Lemma 3.
For k ≥ 2, again by integration by parts,

Uk(λi1 , . . . , λik)(z) = Uk−1(λi2 , . . . , λik)(z)− g(k−1)(0)Iλik

[
· · · Iλi2 [(1− z)−λi1 ] · · ·

]
+ (λi1 + k − 1)Iλik

[
Uk−1(λi1 , . . . , λik−1

)
]

(z).

The second term on the right-hand side is easily seen to be in Qν−1 by (9). For the other two terms,
we have, by induction, Uk−1(λi2 , . . . , λik)(z) ∈ Qν−1 and Uk−1(λi1 , . . . , λik−1

)(z) ∈ Qν−1; so that the
last term is also in Qν−1 by Lemma 3. This proves (24).
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Proof of (23) by induction. If r = 1, then, similarly as above,

U1(λ1)(z) = g(z)− g(0)(1− z)−λ1 + λ1Iλ1 [g](z)
= λ1Iλ1 [g](z)− b0(1− z)−λ1 +Q4(z),

where Q4(z) ∈ Qν−1. Thus (23) holds for r = 1.
For r ≥ 2, by induction, (9) and (24),

Ur(λ1, . . . , λr)(z) = Ur−1(λ2, . . . , λr)(z)− g(r−1)(0)Iλr
[
· · · Iλ2 [(1− z)−λ1 ] · · ·

]
+ (λ1 + r − 1)Iλr [Ur−1(λ1, . . . , λr−1)] (z) (25)

= − g(r−1)(0)(1− z)−λ1

(λ1 − λ2) · · · (λ1 − λr−1)
+

(λ1 + r − 1)λr−1
1

(λ1 − λ2) · · · (λ1 − λr−1)
Iλr [Iλ1 [g]](z)

− (λ1 + r − 1)λr−1
1

(λ1 − λ2) · · · (λ1 − λr−1)

∑
0≤k<r−1

k!bk
λk+1

1

Iλr [(1− z)−λ1 ](z) +Q5(z),

where Q5(z) ∈ Qν−1. Simplifying the last expression yields (23).

Collecting all contributions. Noting that

(λ1 − λ2) · · · (λ1 − λr) = Λ′(λ1),

we thus obtain

f(z) =
λr1

Λ′r(λ1)

Iλ1 [g](z)− (1− z)−λ1
∑

0≤k<r−1

k!bk
λr1 · λ

k+1
1

∑
k<j<r

cjλ
j
1

+Q6(z), (26)

where Q6(z) ∈ Qν−1.
Now by (7), we have

[zn]Iλ1 [g](z) =
∑

0≤k<n

bk
k + 1

∏
k+2≤j≤n

(
1 +

λ1 − 1
j

)

=
Γ(λ1 + n)
Γ(λ1)n!

∑
0≤k<n

k! bk
λk+1

1

=
nλ1−1

Γ(λ1)

∑
k≥0

k! bk
λk+1

1

+ o(nν−1), (27)

since we assume that the series
∑

k bkk!/λk+1
1 converges. Thus (15) follows and this proves the

sufficiency part of (i).

Necessary part of (i). Observe that the result (26) relies only on the fact that bn = o(nν−1)
and the condition that K0 converges was used only in deriving the asymptotics of [zn]Iλ1 [g](z).
We assume that

∑
0≤j<r cjΓ(λ1 + j)/Γ(λ1 + r) = 1 and an ∼ K ′nλ1−1 for some K ′. Then by the

recurrence (13), we have

bn = an −
∑

0≤j<r
cj
j!
r!

∑
0≤k<n

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) ak

= Knλ1−1 + o(nν−1)

− K
∑

0≤j<r
cj
j!
r!

∑
0≤k<n

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) (
Γ(λ1)

(
k + λ1 − 1

k

)
+ o((k + 1)ν−1)

)
.
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Now ∑
0≤k<n

(
k

j

)(
λ1 + k − 1

k

)(
n− 1− k
r − 1− j

)
=

1
j!

[zn−1]
dj

dzj
(1− z)−λ1 · zr−1

(1− z)r−j

∼ λj1
j!Γ(λ1 + r)

nλ1+r−1;

so that

Γ(λ1)
∑

0≤k<n

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) (
k + λ1 − 1

k

)
∼ r!Γ(λ1 + j)
j!Γ(λ1 + r)

nλ1−1.

It remains to estimate the error term, which satisfies

o(1)
∑

0≤k<n

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) (k + 1)ν−1 = o(1)n−r
∑

0≤k<n
kj+ν−1(n− k)r−1−j

= o(nν−1),

implying that bn = o(nν−1) by
∑

0≤j<r cjΓ(λ1 + j)/Γ(λ1 + r) = 1.
From this estimate, we obtain, by (26) and (27), K ′ = K1 and |K0| <∞.

Proof of Theorem 1. Case (ii).

The proof is almost the same as that for case (i); we sketch the main differences. First, denote by
w(z) :=

∑
n≥0wjz

j ; then

(1− z)rg(r)(z) = K2λ
r
1(1− z)−λ1 + (1− z)rw(r)(z).

From Lemma 1, it follows that

Ω1(ϑ)f(z) = K2λ
r
1(1− z)−λ1 log

1
1− z

+ (Ω1(ϑ)f) (0)(1− z)−λ1 + Iλ1

[
(1− z)rw(r)

]
(z).

By the same argument as in Case (i), the cumulative contribution of the last two terms on the
right-hand side (from the remaining zeros) to f(z) is given by

(1− z)−λ1

Λ′r(λ1)

 ∑
0≤k<r

k!bk
λk+1

1

∑
0≤j≤k

cjλ
j
1 − λ

r
1

∑
0≤j<r

j!wj

λj+1
1

+ λr1Iλ1 [w](z) +Q7(z),

where Q7(z) ∈ Qν−1.
By arguing similarly as above, we deduce that the contribution of the term−K2λ

r
1(1−z)−λ1 log(1−

z) to f(z) is given by

K2λ
r
1

Λ′r(λ1)
(1− z)−λ1 log

1
1− z

− K2λ
r
1(1− z)−λ1

Λ′r(λ1)

∑
2≤j≤r

1
λ1 − λj

+Q8(z),

where Q8(z) ∈ Qν−1 and we used the identity

(1− z)−ρ
∫ z

0
(1− x)ρ−λ1−1 log

1
1− x

dx =
(1− z)−λ1

λ1 − ρ
log

1
1− z

− (1− z)−λ1

(λ1 − ρ)2
+

(1− z)−ρ

(λ1 − ρ)2
,
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for <(ρ) < <(λ1).
Adding both contributions leads to

f(z) =
K2λ

r
1

Λ′r(λ1)
(1− z)−λ1 log

1
1− z

+
K7λ

r
1

Λ′r(λ1)
(1− z)−λ1 +

λr1
Λ′r(λ1)

Iλ1 [w](z) +Q9(z),

where Q9(z) ∈ Qν−1 and

K7 =
1
λr1

∑
0≤k<r

k!bk
λk+1

1

∑
0≤j≤k

cjλ
j
1 −

∑
0≤j<r

j!wj

λj+1
1

−K2

∑
2≤j≤r

1
λ1 − λj

.

From the identity

[zn](1− z)−λ1 log
1

1− z
=

Γ(λ1 + n)
Γ(λ1)Γ(n+ 1)

∑
0≤j<n

1
λ1 + j

,

(16) follows.

Proof of Theorem 1. Case (iii).

The proof is almost the same as in Case (i). We start from (22) and we need only to prove that

[zn]Ur(λ1, . . . , λr)(z) ∼
K4Γ(υ + r + 1)

(υ + 1− λ1) · · · (υ + 1− λr)Γ(υ + 1)
nυ logβ n. (28)

First if r = 1, then, by Lemma 4,

[zn]U1(λ1)(z) = bn − b0(1− z)−λ1 + λ1[zn]Iλ1 [g](z)

∼ K4

(
1 +

λ1

υ + 1− λ1

)
nυ logβ n.

So (28) holds for r = 1.
For r ≥ 2, (28) follows by induction and (25).
This proves Case (iii) and completes the proof of Theorem 1.

A special case. In the special case when λ1 = 2, the conditions (14) for asymptotic linearity of
an become

bn = o(n), and
∑
k≥0

bk
(k + 1)(k + 2)

converges.

Interestingly, in addition to [20, 39, 62], such conditions also appeared in other problems related to
divide-and-conquer; see [28, 51, 52, 63].

Further refinements for small “toll functions”. The asymptotic estimate an ∼ K1n
λ1−1 in

Theorem 1 can be further improved if more asymptotics of bn is known. For example, if bn = O(nτ ),
where τ < ν − 1, then (assuming that λ1 is simple)

an −K1n
λ1−1 =


O(nτ ), if τ > α− 1;
O(nα−1(log n)m0), if τ = α− 1;
O(nα−1(log n)m0−1), if τ < α− 1,

where m0 denotes the largest multiplicity of zeros in {λj : <(λj) = α}. Further refinements in the
second and third cases are also possible without additional conditions on bn; such results will be
needed in Section 3.
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Analytic heuristics. The proof of the theorem can be largely simplified if we assume that g can
be analytically continued outside the unit disk and then apply the singularity analysis of Flajolet
and Odlyzko [43]. We briefly consider Case (iii). So, by assumptions, we have (see [43])

g(z) ∼ K4Γ(υ + 1)(1− z)−υ−1 logβ
1

1− z
,

as z ∼ 1. Then, by the assumption of analytic continuation,

(1− z)rg(r)(z) ∼ K4Γ(υ + r + 1)(1− z)−υ−1 logβ
1

1− z
,

and it follows, by singularity analysis, that

[zn](1− z)rg(r)(z) ∼ K4
Γ(υ + r + 1)

Γ(υ + 1)
nυ logβ n.

Then (17) is obtained by applying successively Lemma 4.
Such an analytic approach based on singularity analysis is very efficient in computing the con-

stants and the price is that we need stronger assumptions that may not be easy to be justified. On
the other hand, our elementary approach imposes no analytic continuation, although it requires more
analysis to handle the cancellations of coefficients (caused by (1− z)r). Also our approach is easily
applicable to huge “toll functions” such as bn ∼ n!/

√
n for which the analytic approach fails.

2.4 Non-simple dominant zero

We strengthen Theorem 1 by considering the case when λ1 is not simple.
Theorem 1’. Assume that λ1 = · · · = λm and <(λm) > <(λj) for all m + 1 ≤ j ≤ r. Let
ν = <(λ1) > 0.

(i) If bn satisfies

bn = o(nν−1(log n)m−1), and
∑
k≥0

k!bk
λk+1

1

converges, (29)

then an ∼ K ′1nλ1−1 logm−1 n, where

K ′1 :=
m

Λ(m)
r (λ1)Γ(λ1)

λr1K0 −
∑

0≤k<r−1

k!bk
λk+1

1

∑
k<j<r

cjλ
j
1

 ; (30)

(ii) If bn ∼ K ′2nλ1−1 logβ n, where β > −1, then

an ∼
K ′2m!Γ(λ1 + r)

Λ(m)
r (λ1)Γ(λ1)(β + 1) · · · (β +m)

nλ1−1 logβ+m n.

(iii) If bn ∼ K4n
υ logβ n, where <(υ) > ν − 1 and β ∈ R, then an satisfies (17).

Proof. The proof is similar to that of Theorem 1 with suitable modifications. We start from (21)

Ω1(ϑ)f(z) = C1(1− z)−λ1 + Iλ1 [(1− z)rg(r)](z),

where the constant C1 is given in (20).
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Applying Lemma 1 yields

Ω2(ϑ)f(z) = C2(1− z)−λ1 + C1(1− z)−λ1 log
1

1− z
+ I

[2]
λ1

[(1− z)rg(r)](z),

where C2 can be computed if desired.
Iterating this argument for another m− 1 times, we obtain

Ωm(ϑ)f(z) =
∑

0≤j≤m−2

Cm−j
j!

(1− z)−λ1

(
log

1
1− z

)j
+

C1

(m− 1)!
(1− z)−λ1

(
log

1
1− z

)m−1

+ I
[m]
λ1

[(1− z)rg(r)](z),

where Ωm(ϑ) := Λr(ϑ)/(ϑ− λ1)m and Cj , 0 ≤ j ≤ m− 2, are constants.
Then the remaining zeros, no matter simple or not, will only change the constants but not the

dominant order, and add additional negligible terms. Let

Qτ,β := {Q(z) : [zn]Q(z) = o(nτ (log n)β)} (τ, β ∈ R).

The following lemma is easily extended from Lemma 3.

Lemma 5. If τ > <(ρ)− 1 and Q(z) ∈ Qτ,β, where τ, β ∈ R, then Iρ[Q](z) ∈ Qτ,β.

Proof. Omitted.

We then obtain

f(z) =
C1

(m− 1)!(λ1 − λm+1) · · · (λ1 − λr)
(1− z)−λ1

(
log

1
1− z

)m−1

+ Iλr [· · · [I
[m]
λ1

[(1− z)rg(r)] · · · ](z) +Q10(z), (31)

where Q10(z) ∈ Qν−1,m−1 by Lemma 5. Now

(λ1 − λm+1) · · · (λ1 − λr) =
Λ(m)
r (λ1)
m!

,

so we are left, again as in Case (i), Theorem 1, with the compositional term

Iλr [· · · [I
[m]
λ1

[(1− z)rg(r)] · · · ](z).

This term is treated similarly as before. First we have, by (10),

I
[m]
λ1

[(1− z)rg(r)](z) = (λ1 + r − 1)I [m]
λ1

[(1− z)r−1g(r−1)](z) + I
[m−1]
λ1

[(1− z)r−1g(r−1)](z)

− g(r−1)(0)I [m−1]
λ1

[(1− z)−λ1 ](z)

= (λ1 + r − 1)I [m]
λ1

[(1− z)r−1g(r−1)](z) + I
[m−1]
λ1

[(1− z)r−1g(r−1)](z)

−g
(r−1)(0)

(m− 1)!
(1− z)−λ1

(
log

1
1− z

)m−1

= λr1I
[m]
λ1

[g](z) +
∑

0≤j<r

λr1

λj+1
1

I
[m−1]
λ1

[(1− z)jg(j)](z)

−

 ∑
0≤j<r

λr1

λj+1
1

g(j)(0)

 (1− z)−λ1

(m− 1)!

(
log

1
1− z

)m−1

,
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for m ≥ 1, where I [0]
λ1

[f ](z) = f(z).
Thus

Iλr [· · · [I
[m]
λ1

[(1− z)rg(r)] · · · ](z) = λr̄1Iλr [· · · [I
[m]
λ1

[g] · · · ] +Q11(z)

−

 ∑
0≤j<r

λr1j!bj

λj+1
1 (m− 1)!

 Iλr

[
· · · Iλm+1

[
(1− z)−λ1

(
log

1
1− z

)m−1
]
· · ·

]
(z),(32)

where

Q11(z) :=
∑

0≤j<r

λr1

λj+1
1

Iλr

[
· · ·
[
I

[m−1]
λ1

[(1− z)jg(j)]
]
· · ·
]

(z).

By arguing similarly as in the proof of Case (i), Theorem 1, we deduce that

Q11(z) ∈ Qν−1,m−1.

On the other hand, by applying successively (9),

Iλr

[
· · · Iλm+1

[
(1− z)−λ1

(
log

1
1− z

)m−1
]
· · ·

]
(z) (33)

=
(1− z)−λ1

(λ1 − λm+1) · · · (λ1 − λr)

(
log

1
1− z

)m−1

+Q12(z),

where Q12(z) ∈ Qν−1,m−1.
It remains to derive an asymptotic approximation for the coefficient

[zn]Iλr [· · · [I
[m]
λ1

[g] · · · ](z).

By (14), |K0| <∞; so that

[zn]Iλ1 [g](z) ∼ K0

Γ(λ1)
nλ1 ,

Applying Iλ1 once again and (18), we have

[zn]I [2]
λ1

[g](z) ∼ K0

Γ(λ1)
nλ1−1 log n.

And in general

[zn]I [m]
λ1

[g](z) ∼ K0

Γ(λ1)(m− 1)!
nλ1−1(log n)m−1.

The remaining zeros change the coefficients as above, and we obtain

[zn]Iλr [· · · [I
[m]
λ1

[g] · · · ](z) ∼ mK0

Γ(λ1)Λ(m)
r (λ1)

nλ1−1(log n)m−1. (34)

Collecting the contributions from (31), (32), (33) and (34), we complete the proof of Case (i).
The remaining proof is similar and is omitted.
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3 Method of moments and phase changes

The method of moments for recursively defined random variables can be summarized as follows.
Assume that Pn(y) denotes the probability (or moment) generating function of the random variable,
say Xn in question.

• Assume that
Pn(y) = Φ[P0, . . . , Pn−1;Q0, . . . , Qn](y),

for some functional Φ and for given Q0(y), . . . , Qn(y).

• Derive first the asymptotics of the mean and/or the variance.

• Consider the probability generating function of a suitably normalized random variable (by
exact mean or asymptotic mean), which satisfies the same type of recurrence. From this derive
the recurrence of higher centralized moments.

• Find the asymptotics of higher centralized moments and check if the limiting sequence uniquely
characterizes a distribution.

• Conclude the convergence in distribution by the moment convergence theorem of Frechet and
Shohat [47].

A feature of this method of moments is that, since the recurrences of moments (centered or
non-centered) are of the same form, all asymptotic analysis required for solving the recurrence can
be encapsulated into the same framework, which we call “asymptotic transfers” that bridges the
asymptotics of the “toll sequence” (“inhomogeneous part” of the recurrence) to that of the recurrence.

For other approaches to recursively defined random variables, see [29, 30, 67, 89, 92, 97].

3.1 A class of quicksort.

Recurrence. We consider in this section the following simple recurrence:

Xn
d= XIn +X∗n−1−In + bn (n ≥ r), (35)

with Xn suitably defined for n < r, where the Xn’s and the X∗n’s are independent and have the same
distribution,

P (In = k) = πn,k :=
∑

0≤j<r
pj

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) ,
∑

0≤j<r
pj = 1 (0 ≤ k < n),

and the bn’s are known “toll functions”. The random variable Xn corresponds to the cost of quicksort
described in Introduction when sorting a random permutation.

For simplicity, we consider in details only the case{
Xn

d= XIn +X∗n−1−In + 1, if n ≥ r;
Xn = 0, if n < r,

(36)

focusing on the change of the limit laws. Such a recurrence corresponds to the number of times the
r-sample-partitioning is used throughout the sorting process. By definition, it is easy to see that
Xn ≡ n iff r = 1. So we assume throughout this section that r ≥ 2.
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Motivations. Although from an algorithmic point of view, this cost measure is less important than
the major cost measures like the number of comparisons and the number of exchanges, we study this
variable for several reasons. First, the derivation of the limit law of the major cost measures is more
or less the same as the linear cost measures once we have available the asymptotic transfers. Second,
the more interesting phase change phenomenon for Xn does not occur for the major cost measures;
for linear cost measures such as Xn, we can easily produce different phase changes by simply varying
the underlying distribution {pj}, these phase changes suggesting further questions. Third, the new
ingredient of our analysis is that we do not impose any condition on the second largest zero(s), while
previous applications of the method of moments for similar problems necessitate that the second
largest zero(s) (in real parts) are simple. Fourth, this investigation was motivated by the analysis of
quicksort using ninther or remedians, the underlying splitting probabilities being more complicated
than previous variants of quicksort. The reason to introduce more general framework is to capture
more regularities for more classes of quicksort.

A description in terms of growing BSTs. The above quicksort can be described alternatively
in terms of a tree-growing process. So we are inserting keys one after another into an initially empty
tree. If the number of keys is less than r, then the tree consists of a node with all keys in it. When
the r-th key is inserted, the tree is split into a root and two subtrees: the root holds the j-th smallest
key, say x, in this r-sample with probability pj−1, the left (right) subtree then is a node containing
all keys less (greater) than x, respectively. The (r + 1)-st key is inserted into the left subtree with
probability j/(r+ 1) and into the right subtree with probability (r+ 1− j)/(r+ 1). And the process
continues. Each time the number of keys in a node equals r, a split as above is performed. See
[7, 78, 94] for similar cases. We will give another description in terms of urn models in the next
section.

Moment generating function and differential equation. In terms of moment generating
functions Pn(y) := E(eXny), we have Pn(y) = 1 for 0 ≤ n < r, and

Pn(y) = ey
∑

0≤k<n
πn,kPk(y)Pn−1−k(y) (n ≥ r).

The expected cost E(Xn) thus satisfies the recurrence an = 0 for n < r and

an =
∑

0≤k<n
(πn,k + πn,n−1−k)ak + 1 (n ≥ r),

so that the corresponding generating functions satisfies

f (r)(z) = r!
∑

0≤j<r

pj + pr−1−j
j!

(1− z)−r+jf (j)(z) + r!(1− z)−r−1, (37)

with the initial conditions f (j)(0) = 0 for 0 ≤ j < r. Also the indicial equation is given by

Λr(ϑ) = ϑr − r!
∑

0≤j<r
(pj + pr−1−j)

ϑj

j!
= 0.

Let again the r zeros of Λr(ϑ) be arranged according to their real part:

<(λ1) ≥ <(λ2) ≥ <(λ3) ≥ · · · ≥ <(λr).
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Obviously, Λ(2) = 0, so that λ1 = 2. We will show that all other zeros are less than 2 in real parts.
Let α = <(λ2) denote the real part of the second largest zero(s) (in real part). Define

Z1 := {λj : <(λj) < 2 and <(λj) ≥ <(λk) for k = 2, . . . , r},

to be the multiset of all λj ’s whose real part is α.
To state our main result, we also need to define two integers: m is the multiplicity of α if

Λr(α) = 0, and m = 0 otherwise; q is the largest multiplicity of the complex zeros in Z1. Let N(0, 1)
denote a normal random variable with zero mean and unit variance.

3.2 Phase changes of the limit laws.

Theorem 2. (i) If α < 3/2, then
Xn − µn
σ1
√
n

d−→ N(0, 1),

where the symbol d−→ denotes convergence in distribution,

µ =
1

(r + 1)Hr+1 −
∑

0≤j<r pj ((j + 1)Hj+1 + (r − j)Hr−j)
, (38)

and σ1 is a positive constant defined in (44);
(ii) if α = 3/2 and m ≥ q, then

Xn − µn
σ2
√
n(log n)m−1/2

d−→ N(0, 1),

where σ2 > 0 is a constant given in (45); if α = 3/2 and q > m, then the limiting distribution of
(Xn − µn)/(

√
n(log n)q−1) does not exist;

(iii) if α > 3/2 and m > q, then

Xn − µn
σ3nα−1(log n)m−1

d−→ X,

where σ3 is given in (46), X is uniquely characterized by its moments and E(Xh) is given in (47);
if α > 3/2 and q ≥ m, then (Xn − µn)/(nα−1(log n)q−1) does not exist.

In each case, E(Xn) ∼ µn and

Var(Xn) ∼


σ2

1n, if α < 3/2;
σ2

2n(log n)2m−1, if α = 3/2 and m ≥ q;
Ψ1(n)n(log n)2q−2, if α = 3/2 and q > m;
σ2

3n
2α−2(log n)2m−2, if α > 3/2 and m > q;

Ψ2(n)n2α−2(log n)2q−2, if α > 3/2 and q ≥ m,

(39)

where the σj’s are positive constants and Ψ1(n),Ψ2(n) are bounded periodic functions.

3.3 Proof of Theorem 2

Properties of the zeros. First Λr(2) = 0 since

(r + 1)! = r!
∑

0≤j<r
(pj + pr−1−j)(j + 1) (r ≥ 1),
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for any probability distribution {pj}.
Next we show that ϑ = 2 is a simple zero, namely, Λ′r(2) 6= 0. For,

Λ′r(2) = (r + 1)!
∑

2≤`≤r+1

1
`
− r!

∑
0≤j<r

(pj + pr−1−j)(j + 1)
∑

2≤`≤j+1

1
`

= r!
∑

0≤j<r
(pj + pr−1−j)(j + 1)

∑
j+2≤`≤r+1

1
`

> 0,

for r ≥ 1.
Finally, we prove that all other zeros have real part less than two. Assume that ϑ = 2 + δ+ iv is

a zero, where δ2 + v2 > 0 and δ ≥ 0. Then

∣∣ϑr∣∣ = (r + 1)!
∏

0≤`<r

∣∣∣∣1 +
δ + iv

2 + `

∣∣∣∣
= r!

∑
0≤j<r

(pj + pr−1−j)(j + 1)
∏

0≤`<r

∣∣∣∣1 +
δ + iv

2 + `

∣∣∣∣
> r!

∑
0≤j<r

(pj + pr−1−j)(j + 1)
∏

0≤`<j

∣∣∣∣1 +
δ + iv

2 + `

∣∣∣∣
= r!

∑
0≤j<r

(pj + pr−1−j)
|ϑj |
j!

≥ r!

∣∣∣∣∣∣
∑

0≤j<r
(pj + pr−1−j)

ϑj

j!

∣∣∣∣∣∣ ,
for r ≥ 2, which is a contradiction. Thus <(λj) < 2 for j = 2, . . . , r.

Special cases. If r = 1, then Λr(ϑ) = ϑ− 2. If r = 2, then Λr(ϑ) = ϑ2 − ϑ− 2. If r = 3, then

Λr(ϑ) = ϑ3 + 3p1ϑ
2 − (1 + 9p1)ϑ− 6(1− p1).

Thus if p1 < (2
√

6− 4)/3, then the second largest zeros are complex conjugates; if p1 = (2
√

6− 4)/3,
then 1−

√
6 is a double zero; if p1 > (2

√
6 − 4)/3, then the three zeros are all real. The pattern of

zeros becomes more complicated for larger values of r.

Mean. Let f(z) :=
∑

nE(Xn)zn. Then f satisfies (37). Applying Theorem 1 with λ1 = 2,
cj = r!(pj + pr−1−j)/j!, and bj = 0 for j < r, we obtain

E(Xn) = [zn]f(z) ∼ µn,

where µ = r!/Λ′r(2) is, after simplification, given by (38).
This quick estimate is insufficient for our uses. We need the more precise expansions

E(Xn) = µn+


O
(
nα−1(log n)max{m,q}−1 + 1

)
, if α < 3/2;

(T1 + o(1))nα−1(log n)m−1, if 3/2 ≤ α < 2 and m > q;
(Π1(n) + o(1))nα−1(log n)q−1, if 3/2 ≤ α < 2 and q ≥ m,

(40)
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where

T1 =
mr!

(α− 1)Λ(m)
r (α)Γ(α)

, (41)

and Π1(n) is a periodic function of the form

Π1(n) =
∑
λj∈Z1

mul(λj)=q

qr!

(λj − 1)Λ(q)
r (λj)Γ(λj)

ni=(λj),

with mul(λ) denoting the multiplicity of the zero λ.
The expansions do not follow directly from Theorem 1 or 1’ but the same method of proof applies.

We sketch the proof for T1. By the initial conditions f (j)(0) = 0 for j < r, we deduce as above that

Ω1(ϑ)(f)(z) = r!(1− z)−2 − r!(1− z)−1.

Then, defining Ω2(ϑ) := Ω1(ϑ)/(ϑ− α)m, we derive, by Corollary 1

Ω2(ϑ)(f)(z) = r!I [m]
α [(1− z)−2]− r!Iα[(1− z)−1]

= r!
(1− z)−2

(2− α)m
+ r!

(1− z)−α

(α− 2)(α− 1)(m− 1)!
logm−1 1

1− z
+Q13(z),

where Q13(z) ∈ Qα−1,m−1 by (9) and (11). Then (41) follows from applying successively Lemma 4.
The proof for Π1(n) is similar.
For later uses, we write Π1(n) in the form

Π1(n) =
∑

1≤j≤u
$jn

iβj ($j ∈ C),

for some integer u and βj ∈ {=(λj) : λj ∈ Z1 and mul(λj) = q}.

Shifting the mean. To compute higher central moments, it is more convenient to shift first the
asymptotic mean by considering

Pn(y) := E(e(Xn−µn−µ)y) = Pn(y)e−µ(n+1)y,

which satisfies the recurrence Pn(y) = e−µ(n+1)y for n < r and

Pn(y) = ey
∑

0≤k<n
πn,kP k(y)Pn−1−k(y) (n ≥ r). (42)

Recurrence of higher moments. Let Pn,h := P
(h)
n (0) = E(Xn − µn − µ)h. Then, by (42),

Pn,h = (−µ)h(n+ 1)h for n < r and

Pn,h =
∑

0≤k<n
(πn,k + πn,n−1−k)Pk,h +Rn,h (n ≥ r), (43)

where

Rn,h =
∑

a+b+c=h
a,b<h

(
h

a, b, c

) ∑
0≤k<n

πn,kPk,aPn−1−k,b (h ≥ 1).
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Variance. The order of the variance is pivotal for the change of the limit laws and it depends
heavily on the second order term in the asymptotic expansion of the mean, namely, Pn,1.

By (43),

Rn,2 = 1 + 2
∑

0≤k<n
(πn,k + πn,n−1−k)Pk,1 + 2

∑
0≤k<n

πn,kPk,1Pn−1−k,1.

By applying the estimates (40), we deduce that

Rn,2 =


O
(
n2α−2(log n)2 max{m,q}−2 + 1

)
, if α < 3/2;

(C2 + o(1))n2α−2(log n)2m−2, if α ≥ 3/2 and m > q;
(Π̃1(n) + o(1))n2α−2(log n)2q−2, if α ≥ 3/2 and q ≥ m,

where

C2 := 2T 2
1 r

∑
0≤j<r

pj

(
r − 1
j

)
Γ(j + α)Γ(r − 1− j + α)

Γ(r − 1 + 2α)
,

and

Π̃1(n) = 2r
∑

0≤j<r
pj

(
r − 1
j

) ∑
1≤s,t≤u

$s$t
Γ(j + α+ iβs)Γ(r − 1− j + α+ iβt)

Γ(r − 1 + 2α+ iβs + iβt)
niβs+iβt .

From Theorems 1 and 1’, it follows that

Pn,2 =



σ2
1n+ o(n), if α < 3/2;
C2(r + 1)! + o(1)

(2m− 1)Λ′r(2)
n(log n)2m−1, if α = 3/2 and m ≥ q;

(Π2(n) + o(1))n(log n)2q−2, if α = 3/2 and q > m;
(T2 + o(1))n2α−2(log n)2m−2, if α > 3/2 and m > q;
(Π2(n) + o(1))n2α−2(log n)2q−2, if α > 3/2 and q ≥ m,

where

σ2
1 := µ

∑
0≤j<r

(pj + pr−1−j)(j + 1)
∑
k≥j

Rk,2
(k + 1)(k + 2)

, (44)

T2 := 2C2
2r

∑
0≤j<r

pj

(
r − 1
j

)
Γ(j + α)Γ(r − 1− j + α)

Λr(2α− 1)Γ(2α− 1)
,

Π2(n) = 2r
∑

0≤j<r
pj

(
r − 1
j

) ∑
1≤s,t≤u

$s$tΓ(j + α+ iβs)Γ(r − 1− j + α+ iβt)
Λr(2α− 1 + iβs + iβt)Γ(2α− 1 + iβs + iβt)

niβs+iβt .

Consequently, by definition, Var(Xn) = Pn,2 − P 2
n,1, and (39) follows with

σ2
2 :=

C2(r + 1)!
Λ′r(2)(2m− 1)

=
C2(r + 1)
2m− 1

µ, (45)

Ψ1(n) = Π2(n)−Π1(n)2,

σ2
3 := T2 − T 2

1 . (46)
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Asymptotic normality: α < 3/2. We prove by induction that for h ≥ 1 Pn,2h ∼
(2h)!
h!2h

σ2h
1 nh

Pn,2h−1 = o(nh−1/2).

This will imply that 
E

(
Xn − µn
σ1
√
n

)2h

∼ (2h)!
h!2h

;

E

(
Xn − µn
σ1
√
n

)2h−1

= o(1),

from this the asymptotic normality of (Xn − µn)/(σ1
√
n) will follow.

The case h = 1 is proved by (39) and (40). Assume that h ≥ 2. By (43) and induction,

Rn,2h ∼
∑

1≤a<h

(
2h
2a

)
(2a)!(2h− 2a)!
a!2a(h− a)!2h−a

σ2h
1

∑
0≤k<n

πn,kk
a(n− 1− k)h−a

=
(2h)!
h!2h

σ2h
1

∑
1≤a<h

(
h

a

) ∑
0≤j<r

pj
∑

0≤k<n

(
k
j

)(
n−1−k
r−1−j

)(
n
r

) ka(n− 1− k)h−a

∼ (2h)!
h!2h

σ2h
1 nh

∑
0≤j<r

pjr

(
r − 1
j

) ∑
1≤a<h

(
h

a

)∫ 1

0
xa+j(1− x)r−1−j+h−a dx

=
(2h)!
h!2h

σ2h
1 nh

1− r!
(r + h)!

∑
0≤j<r

(pj + pr−1−j)
(j + h)!
j!

 .

So that by applying Case (iii) of Theorem 1 with υ = h and ν = 2, we get

Pn,2h ∼
(2h)!(r + h)!

h!2hh!Λr(h+ 1)
σ2h

1 nh

1− r!
(r + h)!

∑
0≤j<r

(pj + pr−1−j)
(j + h)!
j!

 .

Observe that

(r + h)!
h!Λr(h+ 1)

=
(r + h)!

(r + h)!− r!
∑

0≤j<r(pj + pr−1−j)(j + h)!/j!

=
1

1− r!
(r+h)!

∑
0≤j<r(pj + pr−1−j)

(j+h)!
j!

.

Accordingly,

Pn,2h ∼
(2h)!
h!2h

σ2h
1 nh.

Similarly, we deduce that
Pn,2h−1 = o(nh−1/2).

Asymptotic normality: α = 3/2 and m ≥ q. The proof is similar and is omitted.
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Non-existence of limit laws: α = 3/2 and q > m. Our approach can be applied to prove that

Pn,h ∼ Πh(n)nh/2(log n)h(q−1),

so that

E

(
Xn − µn√
n(log n)q−1

)h
∼ Πh(n),

where the Πh(n)’s are periodic functions that can be computed recursively; see [20]. In particular,
Π1(n) and Π2(n) are given as above. The non-existence of the limit laws follows from the Frechet-
Shohat moment convergence theorem [47]; see [20] for similar details.

Non-normal limit laws: α > 3/2 and m > q. By induction and the asymptotic transfers, we
can show that

Pn,h ∼ Thnh(α−1)(log n)h(m−1) (h ≥ 1),

where T0 = 1, T1 and T2 are defined as above, and

Th =
Γ(h(α− 1) + r + 1)

Λr(h(α− 1) + 1)Γ(h(α− 1) + 1)

∑
0≤j<r

pjr

(
r − 1
j

)

×
∑

1≤k<h

(
h

k

)
TkTh−k

∫ 1

0
xk(α−1)+j(1− x)(h−k)(α−1)+r−1−j dx (h ≥ 2). (47)

Thus

E

(
Xn − µn

nα−1(log n)q−1

)h
→ Th (h ≥ 1).

We now show that the sequence {Th}h uniquely determines a distribution by proving that
|Th| ≤ Khh! for a sufficiently large K > 0. Then the convergence in distribution of (Xn −
µn)/(nα−1(log n)m−1) will follow from the Frechet-Shohat theorem (see [47, 76]).

The proof for |Th| ≤ Khh! is as follows. First we have, by induction and by using the inequality
pj ≤ 1,

|Th| ≤ h!KhWh,

where

Wh :=
rΓ(h(α− 1) + r + 1)

Λr(h(α− 1) + 1)Γ(h(α− 1) + 1)

∑
1≤k<h

∫ 1

0
xk(α−1)(1− x)(h−k)(α−1) dx.

Note that
rΓ(h(α− 1) + r + 1)

Λr(h(α− 1) + 1)Γ(h(α− 1) + 1)
=
r(h(α− 1) + 1)r

Λr(h(α− 1) + 1)
∼ r,

as h→∞. On the other hand,

∑
1≤k<h

∫ 1

0
xk(α−1)(1− x)(h−k)(α−1) dx = 2

∫ 1/2

0

xα−1(1− x)h(α−1) − (1− x)α−1xh(α−1)

(1− x)α−1 − xα−1
dx

∼ 2
∫ ∞

0
xα−1e−h(α−1)x dx

= O
(
h−α

)
.

Thus Wh < 1 for h ≥ h0 > 1. It follows that |Th| ≤ h!Kh for h ≥ 0 if K was chosen so large that
|Th| ≤ h!Kh for all h < h0.
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Non-existence of limit laws: α > 3/2 and q ≥ m. This case is similar to the case when α = 3/2
and q > m. The proof is omitted.

Variability condition. The constants or periodic functions in the dominant terms of the variance
(39) are a priori positive, but, with the exception of σ2, it is not obvious to see the positivity of these
constants and periodic functions. Here is a general approach for achieving this.

For convenience, let vn = Var(Xn). Then vn = 0 for n < r and satisfies the recurrence

vn =
∑

0≤k<n
(πn,k + πn,n−1−k)vk + un (n ≥ r),

where
un :=

∑
0≤k<n

πn,k (µk + µn−1−k − µn + 1)2 (µn := E(Xn)).

Thus when α < 3/2, un ≥ 0 satisfies the conditions (14) and it follows that σ2
1 has an alternative

expression:
σ2

1 = (r + 1)µ
∑
k≥r

uk
(k + 1)(k + 2)

,

which is positive since un 6≡ 0.
The same approach applies to σ3 since T1 6= 0, and to the periodic functions Ψ1, Ψ2 since

Π1(n) 6≡ 0.

3.4 Limit laws for the number of comparisons

Let Xn be the number of comparisons used by the quicksort described above. Then Pn(y) := E(eXny)
satisfies

Pn(y) = eτny
∑

0≤k<n
πn,kPk(y)Pn−1−k(y) (n ≥ r),

with suitable initial conditions, where we assume that τn is a function of n such that τn− n satisfies
(14) with λ1 = 2. Then

E(Xn) ∼ µn log n+ Cn,

where µ = (r+1)!/Λ′r(2) and C is a constant depending on initial conditions. Also the same method
of moments and asymptotic transfers can be applied to show that (see [62])

Xn − µn log n− Cn
n

d−→ X,

with convergence of all moments, where Vh := E(Xh) satisfies V0 = 1, V1 = 0 and

Vh =
∑

a+b+c=h

(
h

a, b, c

)
VaVb

∑
0≤j<r

pjr

(
r − 1
j

)∫ 1

0
xa+j(1− x)b+r−1−j∆(x)c dx, (48)

for h ≥ 2, where ∆(x) := 1 + µx log x+ µ(1− x) log(1− x).

4 Applications

We consider applications of the tools developed in Sections 2 and 3 and briefly discuss the major
variants of quicksort and the associated BSTs falling in our framework, with an emphasis on phase
changes of limit laws.
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4.1 Quicksort proper and BSTs

Quicksort, in its original primitive version, uses no sampling and chooses a random element as the
pivot. The general cost measures satisfy the form (35) with r = 1 and πn,k = 1/n (or p0 = 1). If Xn

satisfies (36), then Xn ≡ n for n ≥ 1.
The relationship between quicksort proper and BSTs has already been described in Introduction.

For a systematic study on cost measures of quicksort and BSTs, as well as rather complete references,
see [62]. See also Devroye [30] for an alternative approach. In particular, the main result in [62]
says that if bn is small (roughly, bn � n1/2) then Xn is asymptotically normal, and if bn is large
(roughly, bn � n1/2), then the limit law exists and is non-normal, with a normal limit law in between
(bn ∼ n1/2). Thus the “phase change” occurs at n1/2. See [61] for an approach to Berry-Esseen
bounds, which gives convergence rates to the normal limit law.

The limiting distribution of the number of comparisons used by quicksort proper has recently
received much attention in the literature; see [31, 40, 71] and the references therein. Most of these
problems are highly challenging and it seems that more new tools are required.

4.2 Quicksort with median-of-(2t+ 1) and locally balanced BSTs

Quicksort proper, although simple, suffers from the drawback that the sizes of the two subfiles after
each partition may have large difference, rendering a quadratic performance for the algorithm. Thus
it is tempting to choose the pivot more carefully to avoid the worst case.

It is well known that the median is robust to outliers. Thus a simple idea to avoid the potentially
worst-case of quicksort proper is to take first a random sample of odd size > 1 and then choose the
median of this sample as the pivot. So the general cost measures satisfy the recurrence (35) with
r = 2t+1 and pt = 1. Quadratic worst-case is still possible but less likely; see [71, 84] for more recise
results on large deviations.

In terms of BSTs, this version of quicksort corresponds to picking the median-of-(2t+1) elements
as the root once the size of the tree exceeds 2t+ 1.

The number of partitions used to find the median-of-(2t+ 1) satisfies (36). It is known (see [20])
that Xn = Xn(t) is asymptotically normally distributed if 1 ≤ t ≤ 58, and the limiting distribution
does not exist for t > 58. For other probabilistic results, see [7, 26, 29, 50, 53, 54, 78, 90, 93, 94, 102].

4.3 Quicksort using ninther

The ninther was first introduced by J. W. Tukey [112] as a quick, robust summary of a sample (indeed
he used the median of many ninthers). When used in quicksort, we choose first a ninther and then
partition the input in the usual way and sort the subfiles recursively; see Bentley and McIlroy [11] for
a detailed description and implementation. Quicksort using ninther has been widely used in practical
implementations; see for example [4, 74, 85].

The general cost measures for this quicksort satisfy (35) with r = 9 and

{pj}0≤j<9 =
{

0, 0, 0,
3
14
,
4
7
,

3
14
, 0, 0, 0

}
.

Our theory applies. In particular, the number of comparisons used satisfies (cf. [36])

E(Xn) ∼ 12600
8027

nHn + Cn,
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Figure 1: Periodic fluctuations of the normalized sequence −(E(Xn)−µn)/nα−1 (median-of-(2t+1)),
for n from 100 to 1000 and for t ∈ {50, 55, 58, 59, 65, 70, 75, 80, 85, 90, 95, 100}.

where C depends on initial conditions, and (Xn − 12600
8027 n log n− Cn)/n converges in distribution to

some random variable X; see (48). And the variance is asymptotic to

Var(Xn) ∼
(

967013548028044511777
623634635288174590080

− 1050
8027

π2

)
n2 ≈ 0.25958n2.

4.4 Quicksort using remedian-of-3d

Beyond the median of three medians-of-three, we can consider the remedian of 3d elements, which is
defined recursively as the median of three remedians of 3d−1 elements for d ≥ 2, where the remedian
of three elements is simply the median. It is known that the remedian is a consistent estimator of
the sample median; see [16, 98].

The general cost measures of quicksort using remedian as the pivot at each partitioning step
satisfy (35) with r = 3d. The probability distribution {pj} is now more complicated.

We show that for d ≥ 1 the probability that the remedian of 3d elements is the (j + 1)-st order
statistics is given recursively by

pj = p
(d)
j = 3!

∑
a+b+c=j
a,b,c≥0

%(a, b, c)

(
j

a,b,c

)( 3d−1−j
3d−1−1−a,3d−1−b,3d−1−c

)(
3d

3d−1,3d−1,3d−1

) , (49)

where
%(a, b, c) = p(d−1)

a

(
p

(d−1)
0 + · · ·+ p

(d−1)
b−1

)(
p(d−1)
c + · · ·+ p

(d−1)

3d−1−1

)
,

with p
(0)
0 = 1.

To see this, we first randomly partition the set {1, . . . , 3d} into three subsets A,B, C each of which
contains 3d−1 elements. Then the ratio of the binomial coefficients in (49) is the probability that
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j + 1 ∈ A and that there are exactly a, b, c elements that are less than j + 1 in A,B, C, respectively;
and %(a, b, c) is the probability, conditioned on j + 1 ∈ A and on a, b, c, that the remedian of A is
j + 1, the remedian of B is less than j + 1 and the remedian of C is greater than j + 1. Thus the
expression for %(a, b, c) follows.

The second largest zero(s) (in real parts) of the indicial polynomials Λ3d(ϑ) for d from 1 to 6 are
given in Table 2.

d 1 2 3 4 5 6
α 0 0 0 0.52691 1.33805 1.70469

Table 2: Approximate values of α for 2 ≤ d ≤ 6.

Thus if we consider the number Xn of partitioning stages used by quicksort with remedians, then
the limit law is normal for d ≤ 5 and does not exist for d > 5.

4.5 Quicksort using (s, t)-median

Another way of extending the ninther is to consider the median of 2s+ 1 elements each of which is
the median of 2t+ 1 elements; so that r = (2s+ 1)(2t+ 1). Such a median is called (s, t)-median.

The probability pj that the (s, t)-median is the (j + 1)-st order statistics satisfy

pj = (2s+ 1)
(

2s
s

) (
j
t

)(
r−1−j

t

)(
r

2t+1,...,2t+1

) %(s, j − t),

where %(s, k) can be computed recursively as

%(s, k) =
∑

0≤a≤t

∑
t<b≤2t+1

(
k

a, b

)(
2s(2t+ 1)− k

2t+ 1− a, 2t+ 1− b

)
%(s− 1, k − a− b),

with the initial condition %(0, k) = 1.
To see this, we partition the set {1, . . . , r} into 2s + 1 subsets {A1, . . . ,A2s+1} each containing

2t+1 elements. The desired (s, t)-median is the median of the medians of {A1, . . . ,A2s+1}. First, the
binomial coefficients

(
j
t

)(
r−1−j

t

)
is the number of combinations that the median of A2s+1 is exactly

j + 1, and %(s, j − t) enumerates the number of arrangements that exactly s medians of A` are
less than j + 1, and the remaining s medians of A` are all greater than j + 1. Thus the ratio(
j
t

)(
r−1−j

t

)
%(s, j − t)/

(
r

2t+1,...,2t+1

)
is the probability that the median of A2s+1 is exactly j + 1, the

s medians of A1, . . . ,As are all less than j + 1, and the s medians of As+1, . . . ,A2s are all greater
than j + 1. Note that the total number of combinations of arranging the Aj ’s so that they have the
above configuration is given by (2s+ 1)

(
2s
s

)
. The recurrence for %(s, k) is obvious.

All pairs of (s, t) leading to a phase change of the limit law are given in Table 1.

4.6 Quicksort using minimaxer

Yet a different idea of choosing the pivot is to take the minimaxer1 defined as the minimum of a set
of elements each of which is the maximum of some smaller set of elements. Such a scheme has a
few features: the probability distribution {pj} is in general asymmetric, and the computational cost

1By definition, a minimaxer is a player who manipulates the character creation rules to produce extremely powerful
characters.
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for finding the minimaxer is usually less than that for finding the medians or approximate medians.
The idea of minimaxer has been widely used in artificial intelligence and game theory; see [91, 104].

For simplicity, consider the minimum of t elements each of which is the maximum of s elements.
Then r = st and the pj ’s are given by

pj =
t
(
j
s−1

)
%s(t− 1, st− j − 1)(

st
s,...,s

) ,

where %s(t, k) denotes the number of ways of putting k different black balls and st−k different white
balls into t different boxes such that each box contains exactly s balls in which at least one is black,
so that

%s(t, k) =
∑

1≤`≤k−t+1

(
k

`

)(
st− k
s− `

)
%s(t− 1, k − `).

Computing the second largest zero(s) for the indicial equation associated with this problem is
much more involved due to the skewness of the distribution, resulting in very slow convergence and
large power of polynomials. For s = 2, the phase change for the number of partitioning stages occurs
at t = 143. Note that the distributions are moving towards the left as r increases. We have not
computed higher values of s, which is too time-consuming.

4.7 Theoretical quicksorts

Our framework in Section 3 makes it relatively easy to produce phase changes of limit laws, although
the associated probability distributions may be hard to be realized in practice. We briefly consider
some interesting cases here. Our main motivation of considering these cases was to investigate the
fundamental question: what distributions cause phase changes, is it because the distributions are
more and more concentrated as r gets large or because they are more and more biased? We still have
no answer for this question.

The simplest case is the uniform distribution pj = 1/r for j = 0, . . . , r − 1. Obviously, this is
a trivial case that brings the pivot-choosing process back to the quicksort proper, and there is no
phase change.

In the case of binomial distributions where pj = 21−r(r−1
j

)
for j = 0, . . . , r − 1, the distribution

of Xn (defined by (35)) is asymptotically normal for r ≤ 236, and the limit law does not exist for
r > 236.

Another interesting case is when p0 = 1, which means that we take the smallest of a random
sample of r elements as the pivot. Then the phase change occurs at r = 26, exactly the same as
the storage requirement of m-ary search trees. Taking the second smallest element in the r-sample
yields a phase change at r = 33, the third smallest at r = 41, the fourth smallest at r = 48, the fifth
smallest at r = 55, etc.

If pj = s(n, j + 1)/n!, where the s(n, j)’s denote the signless Stirling numbers of the first kind
(see [22]), then the limit laws change nature at r = 69. Another phase change occurs at r = 158
when taking Eulerian numbers (see [22]) as the underlying distribution.

All these are type I phase changes, as mentioned in the Introduction, it is open to produce type
II phase changes by constructing suitable probability distributions {pj}.

4.8 Quicksort with multiple pivots and m-ary search trees

We discussed up to now only quicksort with single pivot at each stage. It is natural to use m − 1
pivots (m ≥ 2) and to partition the input into m subfiles according to the pivots chosen; the
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pivots are in their final position after partition and the elements falling between two pivots are
sorted recursively. The search tree version of such a sorting scheme is called m-ary search tree. See
[53, 54, 68, 77, 109, 111] for more information.

In its simplest version, the cost measures Xn of quicksort using m − 1 pivots (when given a
random permutation) have moment generating functions of the form

Pn(y) := E(eXny)

=
Qn(y)(

n
m−1

) ∑
n1+···+nm=n−m+1

Pn1(y) · · ·Pnm(y) (n ≥ m),

with suitable initial conditions for Pn(y), n < m, where Qn(y) denotes the moment generating
functions of the “toll function”—cost used to partition the input.

Such a recurrence, although different from (35), produces also differential equations (for the
generating functions of moments) that are of CE type in nature. Random variables of this sort
exhibit a type I phase change at m = 26 when Qn(y) = ey; see [20]. This corresponds to the number
of nodes used by a random m-ary search tree of n keys. For other results on m-ary search trees, see
[6, 39, 50, 54, 75, 80].

4.9 Generalized quicksort of Hennequin and generalized m-ary search trees

In this sorting algorithm, a random sample of r elements are selected from the input (a random
permutation of n elements), and then m − 1 pivots are chosen so that the probability that the m
subfiles have sizes n1, . . . , nm is of the form

πn;n1,...,nm =
∑

j1+···+jm=r−m+1

pj1,...,jm

(
n1

j1

)
· · ·
(
nm
jm

)(
n
r

) ,

for some probability distribution ∑
j1+···+jm=r−m+1

pj1,...,jm = 1,

so that the cost measures have MGF of the form

Pn(y) = Qn(y)
∑

n1+···+nm=n−m+1

πn;n1,...,nmPn1(y) · · ·Pnm(y) (n ≥ r).

Due to the hypergeometric factor, such problems are also manageable by our CE theory, and
more phase changes can be further produced. For example, if

πn;n1,...,nm =

(
n1

t

)
· · ·
(
nm
t

)(
n

m(t+1)−1

) ,
then the phase changes are described in Table 3 (see also [20]).

4.10 Levelwise analysis for quicksort and profiles of search trees

Our discussions have been up to now restricted to the case when λ1 = 2. We consider here cases of
moving λ1.
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t 0 1 2 3 4 5,6 7,. . . ,10 11,. . . ,19 20,. . . , 58
2 ≤ m ≤? 26 13 9 7 6 5 4 3 2

Table 3: The upper bound of m (for each fixed t) for which the asymptotic normality holds. The
special case (m, t) = (2, 0) has to be discarded (Xn ≡ n in this case).

For simplicity, consider the quantity Xn,k, the number of external nodes at level k (the root being
at level 0) in a random m-ary search tree of n keys (constructed from a random permutation). Let
Mk(z) :=

∑
nE(Xn,k)zn. Then by definition (see Mahmoud [77, Chapter 3])

M
(m−1)
k+1 (z) =

m!
(1− z)m−1

Mk(z) (k ≥ 0),

with the initial conditions M0(z) ≡ 1 and M
(j)
k+1(0) = (j + 1)!δk0, 0 ≤ j ≤ m− 2.

Now consider M(w, z) :=
∑

kMk(z)wk. Then

∂m−1

∂zm−1
M(w, z) =

m!w
(1− z)m−1

M(w, z),

with the initial conditions M(w, z) = 1 + 2wz + · · · + (m − 1)wzm−2 + · · · . This is a CE equation
with indicial equation

ϑm−1 −m!w = 0.

Each zero of this equation defines an analytic function of w and the dominant zero λ1(w) varies in
a neighborhood of 2 when w is near 1. Also we can find a small constant ε > such that <(λ1(w)) >
<(λj(w)) for all j = 2, . . . ,m − 1, uniformly for |w − 1| ≤ ε; see Hille [55, §9.4] for the required
theory. On the other hand, it is straightforward to prove that all zeros are simple. It follows, by
Theorem 1, that

[zn]M(w, z) = K(w)nλ1(w)−1(1 + o(1)),

uniformly for |w − 1| ≤ ε, where K(w) is analytic for |w − 1| ≤ ε. Then the techniques used in [19]
can be further applied to derive the asymptotics of E(Xn,k) = [wkzn]M(w, z).

See also [19] for an analysis of the levelwise improvements of quicksort and other related problems,
and [54, 77] for more examples of the same type.

4.11 Introspective quicksort and balanced BSTs

Introspective sort (see [87, 113]) is a variant of quicksort in which subfiles whose recursion depths
(number of nodes between the root and the node itself in terms of BST) exceed a given threshold,
say cblog2 nc, are sorted by a heapsort. The idea can, of course, be combined with other schemes
of finding the median of an odd sample or an approximate median. The standard STL (Standard
Template Library) uses Introspective sort (with median-of-three) as the standard sort function.

Interestingly, exactly the same idea was also proposed for balancing BSTs in [3]. So no balancing
scheme is used unless the depth of a node exceeds a given threshold and the total path length can
be controlled to be within O(n log n).

We can analyze the cost measures of such a strategy (stopping a path if it becomes too high) by
techniques similar to the one used in [19]. In particular, the dominant zero of the indicial equation
also depends on another parameter as in the profile of m-ary search trees.
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4.12 Increasing trees

A labeled tree is called increasing if the labels of each path from the root to a node are increasing. We
mentioned in Introduction that the binary increasing trees are another isomorphic model to BSTs.
Recursive trees are non-plane increasing trees with all node degrees allowed. Such trees are another
isomorphic model to BSTs by the well-known transformation from multiway trees to binary trees
(see Cormen et al. [24]); see also [13]. Thus parameters in such trees also lead to CE equations of
first order.

An extension of recursive trees to multiple branching factors was proposed by Mahmoud and
Smythe [81]. The underlying differential equation for the generating functions of moments is of the
form

(1− z)mf (m)(z) = m!f(z) + φ(z).

This form is manageable by our approach. The phase change for the number of nodes used to store
n keys occurs, as already observed in [81], at m = 26 (asymptotic normality for m ≤ 26 is proved in
[81] using Smythe’s central limit theorems in [105]).

Another interesting variety of increasing trees is studied by Prodinger [95], where differential
equations of the form

f ′(z) =
c

1− 4z
f(z) + φ(z),

appear. Such an equation is, after a change of variables, of CE type. The associated recurrences are
surprisingly very complicated.

4.13 Urn models

There is a close relationship between urn models and the divide-and-conquer sorting or searching
schemes discussed in this paper; see [79, 106].

We consider briefly the matrix structures of the associated urn models for the quicksort studied
in Section 3; see Mahmoud [79] for more details of related structures. This model is based on the
bottom-up description (in Section 3) in terms of growing BSTs instead of the top-down description
of quicksort. The urn model consists of balls of r− 1 + dr/2e different colors. Color i corresponds to
the node holding i−1 keys for 1 ≤ i ≤ r−1. For nodes holding r−1 keys in the BST, we further split
the possible future configurations (according to the sizes of two subtrees) into dr/2e cases, giving
rise to further colors; so color r+ j corresponds to the node with r− 1 keys, which, when a new key
is inserted, is further split into subtrees of sizes j and r − 1 − j, for 0 ≤ j < dr/2e. The complete
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urn scheme is as follows:

−1 2 0 0 0 · · · · · · 0 0
0 −2 3 0 0 · · · · · · 0 0
0 0 −3 4 0 · · · · · · 0 0
0 0 0 −4 5 · · · · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · · · · 3− r r − 2 0 0 0 · · · 0 0
0 0 0 0 · · · · · · 0 2− r r − 1 0 0 · · · 0 0
0 0 0 0 · · · · · · 0 0 1− r q0 q1 · · · qh−1 qh
1 0 0 0 · · · · · · 0 0 0 0 0 · · · 0 0
0 2 0 0 0 0 r − 1 −q0 −q1 · · · −qh−1 −qh
0 0 3 0 0 r − 2 0 −q0 −q1 −qh−1 −qh
0 0 0 4 r − 3 0 0 −q0 −q1 −qh−1 −qh
...

. . .
...

...
...

0 0 0 0 · · · 2
⌈
r
2

⌉
· · · 0 0 0 −q0 −q1 · · · −qh−1 −qh



,

for odd r, where h = dr/2e − 1, qi = r(pi + pr−1−i) for 0 ≤ i < h and qh = rph. If r is even, then
qh = r(ph + ph+1) and the last row in the matrix is the same as above except replacing properly
2dr/2e by the two numbers r/2, r/2 + 1.

In particular, if p(r+1)/2 = 1, where r ≥ 3 is odd, and pj = 0 for j 6= (r + 1)/2, then the matrix
can be simplified; this corresponds to the matrix associated with the paged BSTs in [79]. If p0 = 1
and pj = 0 for j 6= 0, then the above matrix can be simplified so that it corresponds to the matrix
associated with recursive bucket trees in [79].

Urn schemes of the above form can be treated by our CE theory as discussed in Section 3. The
scheme can be further extended to Hennequin’s generalized quicksort. An interesting question is:
which class of urn models is manageable via our CE theory? But this is beyond the scope of this
paper.

4.14 Other applications

For other problems in the analysis of algorithms where CE equations appear, see [62, 63, 70] for
quickselect and its variants (for which λ1 = 1), [49, 62, 103] for sorting on a broadcast communication
model, and [36, Chapter 3].
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