Berry-Esseen bounds for the number of maxima in planar regions
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Abstract

We derive the optimal convergence radén—'/4) in the central limit theorem for the number of

maxima in random samples chosen uniformly at random fronmigie triangle of the shadé. A local
limit theorem with rate is also derived. The result is theplega to the number of maxima in general
planar regions (upper-bounded by some smooth decreasimgsjdor which a near-optimal convergence
rate to the normal distribution is established.

1 Introduction

Given a sample of points in the plane (or in higher dimensions)ptheimaof the sample are those points
whose first quadrants are free from other points. More preciselgayehaty; = (x1,y;) dominategs =
(x2,y2) if 1 > x5 andy; > yo; the maxima of a point sdpy, ..., p,} are those;’s that are dominated
by no points. The main purpose of this paper is to derive convergeteirethe central limit theorems (or
Berry-Esseen bounds) for the number of maxima in samples chosenmiyifar random from some planar
regions. As far as the Berry-Esseen bounds are concernedevergsults are known in the literature for the
number of maxima (and even in the whole geometric probability literature): prapigroximation theorems
are known only in théog-class (regions for which the number of maxima has logarithmic mean ande@)jan
see Bai et al. (2001) for more precise results. We propose new toaledting with the,/n-class (see Bai et
al. (2001)) in this paper.

Such a dominance relation among points is a natural ordering relation for multisiomal data and is
very useful, both conceptually and practically, in diverse disciplinesBsg et al. (2001) and the references
cited there for more information. For example, it was used in analyzing thecitiz8 in United States



Figure 1:The maxima-finding problem can be viewed as an optimization problem: izniminthe area in the
shaded region (between the “staircase” formed by the selected pointthangoper-right boundary).

selected in the booklaces Rated Almana(see Becker et al., 1987). Naturally, city A is “better” than
city B if factors pertaining to the quality of life of city A are all better than thoseibf B. The same idea
is useful for educational data: a student is “better” than another if allescof the former are better than
those of the latter; also a student should not be classified as “bad” & {s)mot dominated by any others.
While traditional ranking models relying on average or weighted averaggnoag unfair for someone with
outstanding performance in only one subject and with poor performaratedthers, the dominance relation
provides more auxiliary information for giving a less “prejudiced” rankirigtudents.

Some recent algorithmic problems in computational geometry involving quantiyative number of
maxima can be found in Chan (1996), Emiris et al. (1997), Ganley (122@hariasen (1999), Datta and
Soundaralakshmi (2000).

To further motivate our study on the number of maxima, we mention (in additiorplcapions in compu-
tational geometry) yet another application of dominance to knapsack prsplehich consists in maximizing
the weighted su@lgjgnpjxj by choosing an appropriate vectar, . .., z,) with z; € {0, 1}, subject to
the restrictiord , ;,, wjz; < W, wherep;, w; andW are nonnegative numbers. Roughly, itedominates
item j if w; < w; andp; > p;, so that a good heuristic is thatifv; /w; |p; > p; then itemj can be discarded
from further consideration; see Martello and Toth (1990). A probabikstidy on the number of undominated
variables can be found in Johnston and Khan (1995), Dyer and Wdl&6r7). Similar dominance relations
are also widely used in other combinatorial search problems.

Interestingly, the problem of finding the maxima of a sample of points in a baupl@ar region can
also be stated as an optimization problem: given a set of points in a bourgied, iee seek to minimize the
area between the “staircase” formed by the selected points and thenigigdreundary; see Figure 1 for an
illustration. Obviously, the minimum value is achieved by the set of maxima.

Let D be a given region ifR2. Denote byM,,(D) the number of maxima in a random samplexgfoints
chosen uniformly and independentlyfh

It is known that the expected number of maxima in bounded planar re@lomehibits generally three
different modes of behaviorg/n, log n and bounded (see Golin, 1993; Bai et al., 2001). Briefly, if the region
D contains an upper-right corner (a point on the boundary that domiatitether points inside and on the
boundary), ther® (M, (D)) is roughly either of ordetogn or bounded; otherwisey (M, (D)) is of order

V.

Thelog n-class was studied in details in Bai et al. (2001), where the analysis releglyhon the case
whenD is a rectangléR (or a square). Basically/,, (D) can be expressed (in case wi@rhas an upper-
right corner) asl + M;, (R), where the distribution of,, depends on the shape Df While rectangle is
prototypical forlog n-class, we show in this paper that the right trianglef the formI\ plays an important
role for the Berry-Esseen bound #f,, (D) when the mean and the variance are of orger Thus we start



by considering right triangles.
For simplicity, letM,, = M, (7), whereT7 is the right triangle with corner&), 0), (0,1) and(1,0). Itis
known that (see Bai et al., 2001)

M, —/mn 4
By N(0,1), 1)

wheres? = (21log2 — 1)y/7 andN (0, 1) is a normal random variable with zero mean and unit variance. The
mean and the variance 8f,, satisfy

fin = E(M,) = van — 1+ O(n~/?), 2)
02 = Var(M,) = o*v/n — % +0(n1?). (3)

See also Neininger andiBchendorf (2002) for a different proof for (1) via contraction noeith
We improve (1) by deriving an optimal (up to implied constant) Berry-Essmemd and a local limit
theorem forM,,. Let ®(z) denote the standard normal distribution function.

Theorem 1 (Right triangle: Convergence rate of CLT).

M. —
sup ‘P <n07/m < l’) — ®o(x)
n

—oo<r<o0

= O(n~'"). @)

Theorem 2 (Right triangle: Local limit theorem). If k = |y, + x0,, |, then
e—x2/2

V2T oy

P(M, = k) = (1 +0 ((1 + \x|3)n*1/4)) , (5)

uniformly forz = o(n'/'2).

Note that the same error terms in (4) and (5) hold if we replacer o,, in the left-hand side by their
asymptotic values/7n andon!/4, respectively.
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Figure 2:Exact histograms of'/2 P(M,, = |zn ) for n from 5to 40 and) < = < 1/2 (left) andP (Mo = k)
for 2 < k < 20 with the associated Gaussian density (right).

The Berry-Esseen bound and the local limit theorem are derived bine@danethod of moments intro-
duced in Hwang (2003), coupling with some inductive arguments and Fauvéysis; the technicalities are
quite different and more involved here. Roughly, we start the appimachnsidering the normalized moment
generating functions,, (y) := e~ #nv=72%"/2 5(¢Mn¥), We next show that

[65(0)] < mlA™ ™0 (m 2 0),
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for a sufficiently largeA. This is the hard part of the proof. Such a precise upper boundesffic deriving
the estimate
E(eMn—pn)iy/ony _ e_y"’/?} =0 (n—1/4‘y|36—y2/2) ,

uniformly for |y| = o(n'/12). We then use another inductive argument to derive a uniform estimate for
E(eMn—nn)iv/on) for |y| < 7o, and conclude (4) by applying the Berry-Esseen smoothing inequality (see
Petrov, 1975) and (5) by the Fourier inversion formula.

Although the proof is not short, the results (4) and (5) are the first aniddht, up to the implied constants,
of their kind. Also the approach used (based on estimates of normalized ris)roen be applied to other
recursive random variables; it is therefore of some methodologicaesisper se While the usual method of
moments proves the convergence in distribution by establishing the stramy@rgence of all moments, our
method shows that in the case of a normal limit law the convergence of momenssrceetimes be further
refined and yields stronger quantitative results.

The result (4) will also be applied to planar regions upper-boundedtmg smooth curves of the form

D={(u,v) : 0<u<1,0<v< f(u)},

wheref(u) > 0 is a nonincreasing function g, 1) with f(0%) < oo, f(17) =0 andfo1 f(u)du = 1.
Devroye (1993) showed that ffis either convex, or concave, or Lipschitz with order 1, then

1
E(M, (D)) ~ ay/mn, where a:/o VI (w)]/2 du.

Our result says that if is smooth enough (roughly twice differentiable with# 0), then the number of
maxima converges (properly normalized) in distribution to the standard ndista@bution with a rate of order
n~1/4~, log? n, where~,, is some measure of “steepness”foflefined in (28); see Theorem 3 for a precise
statement. While the order of, can vary withf, it is bounded or at most logarithmic for most practical cases
of interests. The method of proof of Theorem 3 is different from thafffeeorem 1; it proceeds by splitting
D into many smaller regions and then by transfornmiih@n a way that),, (D) is very close to the number of
maxima in some right triangl€,,. Then we can apply (4). The hard part is that we need precise estimate fo
the difference between the number of maxim&iand those in the approximate triandlg.

The proofs of Theorems 1 and 2 are given in the next section. WeedeBerry-Esseen bound fof,, (D)
for nondecreasing in Section 3. We then conclude with some open questions.

Results related to ours have very recently been derived by BarbduKian(2001), where they study
the bounded Wasserstein distance between the number of maxima in certain nelgions and the nor-
mal distribution. Since the bounded Wasserstein distance is in general taage(roughly of the order
Var(M,(D))~'/*) the Kolmogorov distance, our results are stronger as far as the Kolmogdtance is
concerned. On the other hand, our settings and approach are comgl#ent. Their approach relies on
the Stein method using arguments on point processes similar to those used en@MQwine (1997). The
latter paper studies the number of seeds in some stochastic growth model withogéineous Poisson ar-
rivals; in particular, since the point processes are assumed to be splatiailygeneous in Chiu and Quine
(1997), Theorem 6.1 there can be translated into a Berry-Esseed fmuf/,, (maxima in right triangle)
with a rate of orden~/4log n; see Barbour and Xia (2001) for some details. See also Baryshnik6o)?2
for other limit theorems for maxima. While it is likely that Stein’s method can be faithproved to give an
alternative proof of (4), it is unclear how such an approach can éé i proving our local limit theorem

(5).

Notations. Throughout this paper, we use the generic symbolsand B (without subscripts) to denote
suitably small, absolute and large positive constants, respectively, walogs may vary from one occurrence
to another. For convenience of reference, we also index these sybyosilbscripts to denote constants with
fixedvalues. The abbreviation “iid” stands for “independent and identicalliridiged”. The convention
0° = 1 is adopted.



2 Right triangle
Theorems 1 and 2 are proved by first establishing the following two estiniagdisie

pnly) = B(eMnmrm)Wlon) = emhnivlon p, <£> :

On
whereP, (y) := E(eMw),
Proposition 1. The estimate

en(y) — e_ym’ =0 (n‘1/4|y|36_y2/2) (6)
holds uniformly forly| < en'/!2.
Proposition 2. Uniformly for |y| < 7o, andn > 2,

[paly)] < e )
The hard part of the proof is the locally more precise bound (6).

Moment generating function. Our starting point is the recurrence for the moment generating functien (se
Bai et al., 2001)

Pn(y) =eY Z Wj,k,f(”)%(y)Pk’(y)’ (8)
Jt+k+i=n—1
for n > 1 with the initial conditionP,(y) = 1, where the sum is extended over all nonnegative integer triples
(4, k,¢) suchthatj + k + ¢ =n — 1 and

(n—1)! e/l 2+t orie 1. (n =1 (2j + 02k + 0)12°
T 2 ) o )T de = 2n - 1)!

(9)

Tjke(n) ==

Recurrences. We first prove the estimate (6), starting by defining the normalized momentagiergefunc-
tion

daly) = eI 2P, (y),
which satisfies, by (8), the recurrengg(y) = 1 and forn > 1

o) = D mke(n)ei(y)or(y)eV TV, (10)

Jjt+k+Ll=n—1

where
1

2
Then we considep,, ,, := ¢7(1m)(0), which satisfiespo g = 1, ¢o,» = 0 for m > 1, and by (10) (cf. Bai
etal., 2001),

A=14pj+ g — o, 0:= (O’?—FU%—O’%).

L)) LU e (12 1m > 3),

¢n,m = -
I'(n+1/2 52 I'G+1)
with ¢, 0 = 1, ¢n,1 = ¢ 2 = 0 (by definition), where

m)!

Ynm = Z m Z Wj,k,é(n)¢j,p¢k,qAT55- (11)
p+q+r+2s=m Jjt+k4+l=n—1
p,g<m
We need tools for handling recurrences of the type
I'(n) I'(j+1/2)
a +F(n+1/2)1;n I (12)

with ap = by := 0, where{b,, },,>1 is a given sequence.
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Asymptotic transfers for (12).

Proposition 3. (i) The conditions,, = o(n'/2) and_; b;j~/? < oo are necessary and sufficient for

1/2 . E ..
an ~ Con s where c¢p:= - b N 13

(44) if |by| < ein®forall n > 1, wherea > 1/2 ande; > 0, then

n® (14)

forall n > 1 anda > 1/2, whereB is independent af.
Proof. The exact solution to (12) is given by (see Bai et al., 2001)

B I'(n+1) L(j+1/2)
m TRy 2, Taen Y Y o

from which the sufficiency part of) follows (using Stirling’s formula). On the other handgif ~ cn'/? for
some, then by (12)

bn = dp

I'(n) I'(j+1/2)

~ cnl/2 — cn_1/2 Z 1

1<j<n

= 0(n1/2).

Then by (15), we deduce that= ¢, and that the seri€s . b;j—*/* < oc.
For cas€ii), we have, by assumption and by (15),

I'(n+1) ri;+1/2)
(n+1/2) g;n I(j +2)

~101n9f+>01n}/2 E : ja43/2
1<j<n

lan| < cin® 4+

20+ 1
2a—1"

Thus (14) holds for, say/2 < o < 1. Fora > 1, again by (15),

o

NCl

lan| < egn® + Beynl/? Z j“*3/2
1<j<n
20+1

<11361 n-,
20 — 1

by a proper choice oB (independent ofy). This proves (14). 1

Estimates. We derive some estimates that will be used later.

Lemma 1. LetJ be a binomial random variablBinom(n — 1; U?), whereU has a uniform prior over0, 1).
Then, for any- > 0

(2r)le?r

2r
dr < 2
“= Nog(2r + 1)

E’\/j—\/ﬁU‘QT:/OlEI A

(16)



Proof. We consider two cases. 4f< 1/,/n, then

2r
" ‘ <1+ E,J".
Note that)", ., E.(J")z"/r! = (1 + 2*(e* — 1))"~'. This implies that for anys > 0

EI(JT)ﬁT/’I“! < (1 —1—1'2(65 . 1))71—1 < enacQ(efB—l) < eeﬁ—l‘

Thus

2r
n ‘ <1 —f—T!ﬁ_Teeﬁ_l.

Taking 8 = log r, we obtain

2r 1
n ‘ <rle" “(logr)™" +1,

forx <1/y/nandr > 2.
Similarly, whenz > 1/,/n, we have

" ‘2’” < B, ((7 —na?)/IVT + \/ﬁx|)2r
< (Vi) (] — na )
< (Vi) @ e (14 a2~ 1))
< (\/ﬁx)—2r(2r)!ﬂ—2r€na:2(eﬁ—l—ﬁ)_
Taking 3 = (y/nz)~ ! log(2r + 1), we obtain

el < (og(ar + 1) 0r) e (z“’f“”)

7j>2 \/ﬁx)J
(2r)le?r
S Sl A > 0).
~ (log(2r 4+ 1))? (r=0)
The lemma follows from the inequality
rler—1 (2r)le?r

(g ' = Tlogr + )7
for r > 2. Note that (16) also holds for= 1. Finally, if r = 0 then (16) becomes an identity.l

Proposition 4. If (J, K, L) is trinomial vectorl'(n — 1; U2, (1 — U)?,2U(1 — U)), whereU has a uniform
prior over (0, 1). Then, for any integers, p, ¢ > 0,

- B 2r (2r)147e?r r!2(4e)?r
Si(n) =B VT + VE = V| < o = < g 1 D (17)

L(p/3+1/2)T'(q/3+1)
T((p+4q)/3+3/2)

Spq(n) == E(J"PKY?) < B

(18)

whereB is independent gf andg.

Proof. Applying Lemma 1 and the inequality

E \/7+\/E—\/ﬁ(2r§22’“*1 <E‘\/7—\/7_LU’2T+E‘\/E—\/H(1—U)

2r
)
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we obtain the first inequality in (17). The second inequality in (17) followafthe inequality

(2r)!
r!2

<4" (r>0).
The estimate (18) is obtained as follows.

Spe(n) < E (Jp/3(n 11— J)q/3)
n—1 p/3 \q/3 ! 2j 2\n—1—j
= Z PP (n—1—4)1 z¥ (1 —z%) Jdz
1<5jen N/ 0

B PG +1/2) Y
=2 oT(n+1/2)0( + 1)’ PBn—1-3)""

1<j<n

I'(n) .p/3—1/2 ~\q/3
<ec— jp/ 2(p—1— j q/
I'(n+1/2) 12;” ( )

J@/3+1/20(/3+1) (19
=T ((p+q)/3+3/2) ’

wherec is independent gf andqg. |

Estimate for ¢,, 3. We first determine the order @, 3.
Observe that, by (2) and (3),

AL 6] < Bi(1+ V5 = VE+ va)),
forall0 < j,k <n—1,sothat
Aol < By (14+ 15+ V- val)
< By (14 Vi+VE=val™l)  (rs20). (19)
Since¢,, 1 = ¢, 2 = 0, we have, by (11) withn = 3 and (17),

Yn3 =0 ( > mike(n) (AP + A5))

jt+k+l=n—1

0(23Exﬁ+¢Kﬁﬂﬁ

0<p<3

= 0(1).

Thus by (13), we obtain
¢n,3 < B3n1/2-

An upper estimate for ¢,, ,,. We now show by induction that
|On,m| < ml A" ™/ (m > 0;n > 0), (20)

whereA is a sufficiently large positive constant. The cases m < 3 hold with A > (B3 /6)/3.



Estimate for 1., ,,,. We considern > 4. By definition (11) and induction, we have (using (19))

r+s
Unml Sl 3 AP S )0k (14 15+ V= vl ),

p+q+r—£2s:m ’ j+k+l=n—1
p,g<m

which, by Cauchy-Schwarz inequality, is bounded above by

Br—l—s
[nm| <mt Y rls! AT (\/Spq + \/Spq Sris(n >

pHqg+r+2s=m
p,g<m

wheresS,, ,(n) andS, (n) are defined in Proposition 4.
Substituting the estimates (17) and (18) derived above into (21) yields

m p+ay, (p+a)/ L(p/3+1/2)'(q/3 +1)
s 2 6\/ P +)/3+3/2

pt+q<m
p,g<m

X B (s et )
rirs g ! (log(2r 4+ 2s 4 1))

Ny o~ [T+ /20— p)/3+1)
=B 'O;mAZ Mpgﬁ T(6/3+ 3/2) !

since, by Stirling’s formula, the sum

r 4+ s)!(4e)"
S bt

Jr
o, ! log(2r + 2s + 1))7+s

is bounded for alk > 0.
The inner sum in (22) is estimated as follows. Bot ¢ < m

3 /3+1/2) (L=p)/3+1)

ey I'¢/3+43/2)

<c(l+ 1)V 4 e(04+1)72 p (04 1)

[(p/3+1/2)L((€—p)/3+1)
2 T(¢/3+3/2)

2<p<t

2, LEE+3M)

<c(€+1)1/4+¢£+—1¢ y LA+ /2N —p)/3+1)

Now

3 L(p/3+1/2)L((¢ ~p)/3+1)
= T(¢/3+3/2)

B 1 1/ $2/3(1 _ x)(é—l)/?) _ $€/3(1 _ :E)l/S 4
—Jo * (1—xz)l/3 —21/3 r

1/2 1/2
N/ xl/Geﬁx/3dx+/ S1/3tef3 g
0 0

=O((£+1)77/%).

(21)

(22)



Thus

>y I'(p/3 +F1/£2)§((€3—2p)/3 +1) ot +1)"112,
oot (¢/3+3/2)
and it follows that
[nm| < Bm! > A0 1)7 112
0<t<m
< Bgm!A™n™/ 6y, ~1/12 (m > 4).

Applying now the inequality (14), we obtain
(Gnm| < By E3 11200 g, (23)

’ m—3

Choose nowng > 3 so large thaBgm~/12(m + 3)/(m — 3) < 1 for all m > mg. Then (20) holds for
m > mg. It remains to tune the value of such that¢,, ,,,| < m!A™n™/6 for all m < my. This is possible
since the factor in (23) depends only of$,, ;|, 0 < j < m. Thus if we take

By\/? j+3 \'
(B (o)
6/ 2z, \ dRG-3)

then

+3

|G| < 3677:_—3 P VPPAL 0Tl = AT (4 < < mg).

The proof of (20) is complete by taking = A,,,.

Proof of Proposition 1. With the precise estimate (20) available, we now have
only) = 2| = V26 iy o) ~ 1

<2y nnd

mlom
m>3 n

a2 _ m
<2 Y (Aoy o)
m>3
< ce VPPV,

if |y| < en!/12. This proves (6).
We also need an estimate far, (y)| for larger values ofy|.
Note that from (6) we have

[on(y)] < e/ (1 + Cly!3”71/4)
< eV eyl
for |y| < en!/12. Also, by definition,| P, (iy)| = 1 for n = 0,1 and Px(iy) = €%¥/3 + 2¢%¥ /3. Thus, by (3),
| P (iy)| < e~y /2eav/mlyl?
< e~ (MVntm)y? (n > 2), (24)

for somecy > 0 and|y| < eqn~1/6, wherer, 9 > 0 are constants satisfying

2
Tivn + m < % — coeqnlt/? (n>2). (25)

Heree; is chosen so small that the right-hand side is positive for &l 2 (we may takes; = 1/(12¢2)).

10



Proof of Proposition 2. We now show, again by induction, that the same estimate (24) holdg|fer ,
provided the constants andr, are suitably tuned.
Note that since the span 8{,, is 1 (by induction,P(M,, = k) > 0for 1 < k < n),

. _ 2
| Pu(iy)| < e (lyl <),

for 2 < n < ng, whereny is a sufficiently large number (see (27)). [Numericatly,= 1/9 suffices.] This
gives another condition far, andrs:

Tivn + 1 < 11/ng + 1 < c3 (2 <n<mng). (26)

By induction using (8) and (24),

PGl < D mikem)|Pi(iy)|| Peliy)]

jt+k+l=n—1

_ y 2
< Y mkeln)er (VIHmYEZR)Y
j+k+l=n—1

. Z Z Trj’k’”_l_k—j(n)e_(Tl\/E+T2)y2 (1 — e—(Tlx/J_'+T2)Z/2>

0<j<10<k<n

" Z T esn—1-k—; (1) (1 — 67(71ﬁ+71\/ﬁ+272)y2)

0<j,k<1
=G+2 Y G+ > G,
0<j<1 0<j,k<1

say. By (17), we obtain (with the notation of Lemma 4)
VIt o v (e—mﬂwﬁ—ﬁ)y?)

_ o2y’ Z le (\/j—F VK — ﬁ)m

m>0

< oy Z T1y ( B(VT + VE — /n)? )1/2

m>0

(4e)™
<o 14 le m
rnz>:1 " (log(2m + 1))

<e Y (1+ camy?)

< e T2Y 2teqmiy?

Choosery = 2c471. Then
G < e~ (mvntn)y’—cany?

11



We now estimatér.

e(Tv/n+72)y

1— —sz

Z 70 o1k ()€ (VYR
0<k<n

1
_ Z <n ; 1) on—1-k 11 (vn—Vk)y? / g IR — )R Ay
0<k<n 0

1
< Z <n_1>2n1k67'1(nk)y2/\/5/ eV IR L — )R e
k 0
0<k<n
n—1 k k+1)y2 ! k 2n—2+k
:Z<k>2€7'1(+)y/\/ﬁ/x(1_gj)n_+d$
0<k<n 0

= NV’ /VR /01 (1 +2 (eleZ/‘/ﬁ — 1) x — (2€le2/\/ﬁ — 1) x2>n_1 dz

c ™ 271y° x? x z?
E/O exp<\/ﬁ x—;—I—O E_‘_W dz

4m1y%\/n %)
/ 1dx + © / e~ 7/(4n) 4y
0 Am1y2\/n

IN

IN

c
n
< cn71/2.

It follows that
e(m/mn)y?GO < 072y2n—1/2 < C5le2n—1/2

)

wherecs is independent of;.
The partial sunty; is estimated similarly, giving

(rivn+m2)y?
e _
o S D Mknak(m)en YRS
—¢ 0<k<n—2
n—2 n—2—k_71(v/n—Vk)y? ! n—2—Fk n—2+k
= Z i 2 et Y x (1—2) dz
0<k<n—2 0
<cn~ ,

and, consequently,

e(7'1 \/ﬁ+7'2)y2G1 < cﬁleanl/Q

wherecg is independent of;.
The remaining termé/;;, are easy.

2l —)(n-1)! 7
2n—1)! o
2" 2(n —1)In! /7
2n—1)  ontl’
2"3(n —1)(n — 2)(n — 1)!(n — 1)! N Vrn3/?

T1,1,n—3 — (2n — 1)| on+2

m0,0,m—1(n) =

7T0717n72(n) = 7T1707n72(n) =

Thus there exists a constantsuch that fom > 2

Tjkn-1—j—k(n) <e " (0<jk<1).
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[Numerically,c; = 1/3 suffices.] Therefore,

> Gip < dememm (1 - 6‘2(“*72)92)
0<y,k<1

S 08T1y2€_c7n,

for n > 2, wherecg is independent of;.
Collecting these estimates, we have

|Po ()| < Ty (y)e(Hv/tm2lv?,

where
_ 2 _ _ 2
Hn(y) — pTCAT1Y CgT1y27’L 1/2 CST1y2€ crn+(T1v/n+712)y 7

wherecg = ¢4 + ¢5. Now choosen so large that

max IL(y) <1  (ein VY <y <), (27)
ein-1/2<y|<n

for n > ngy. This is possible sincéy| > ein~ /6. Also ng is independent of (sincecs and ¢y are
independent ofy). Onceny is specified, the two conditions (25) and (26) (together with- 2¢4m) become

02/2 — coe1n!/?

1 S \é?+264
Vo + 2¢q4

. c3 . 02/2 — coent/3
T4 =min{ ————— min )
! V1o + 2c4 n>2 VN + 2¢q4

|Paliy)| < e VmH2e0v® (g < min > 2),

Thus we can take

We thus proved that

which implies (7) by a proper choice of

Berry-Esseen smoothing inequality. We now apply the Berry-Esseen smoothing inequality (see Petrov,
1975), which states for our problem that
T
=0 (77" + / dy |,
-T

whereT is taken to ben!/4. By the two estimates (6) and (7), we obtain

on(y) — €7y2/2

M. —
sup ‘P (ng—'um < 1:> — O(x) ;
n

—oo<r<o0

2 nl/12 nl/d o2 2
/T only) e P " dy=0 | n~/* /E eV /22 dy+/ c At " dy
-T Yy _enl/12 enl/12 Y
-0 (n—1/4) +0 (n—1/12€—€n1/6) .
Accordingly,
Mn_ n —
sup ‘P <7M < x) —®(z)| =0V, 1
—oo<r <00 On

13



Local limit theorem. By the inversion formula

1 T )
PO =1 =5 [ e, (i) dy

oo [ et (10 (@ b)) a,

2won J_ro,

wherek = | u,, + zoy, |, we deduce, by splitting the integral similarly as above, the local limit theorg¢m (5

3 Planar regions upper-bounded by decreasing curves

Notations. Recall thatf(u) > 0 is a decreasing function oft, 1) with f(0") < oo, f(17) = 0 and
Jiy f(u)du = 1. DefineD = {(u,v) : 0 <u < 1,0 <v < f(u)}. Then|D| = 1.

Let C? denote the class of twice differentiable functighi the unit interval withf’(u) < 0 for 0 < u <
1.

A measure of “steepness”. Assumef € C?. Construct\ — 1 pointsu;’s in the intervald = vy < u <
- <uy_, <u, = 1such that

41
Vv, = 1o8n,

forl <k < XandVu,Vf(u,) < 4logn/n, whereVu, :=u, —u,_, andV f := f(u,_,) — f(u;). We
assume implicitly that is sufficiently large so that the,'s are well-defined.
Define a measure of “steepness” or “flatness”:

1!
Yp, = max | 1, Z sup f/((k:) (uk . Uk_l) ‘ (28)
o T gt 1 <GSy, | I (Ek)
- wy,_y <&<uy,

Note that the ranges, , < ¢, < u, alone are not sufficient for our proof. In particular, in (36) and)(38
we use the ranges, |, < (; < uy, butu,_; < ( < u,, are needed in (44). Also the index range
2 < k < X — 3is chosen for technical convenience.

Theorem 3. Assumef € C2. Then

P <Mn(D) —aymn x) _ o)

sup
—oo<r<o0

—0(n 1 »log?n), 29
ao?n ( Vnlog ) (29)

wheres? = 2log2 — 2 and
1
o :/0 V2 du.

Although~,, may diverge withn even under the stronger assumption tha C°, it is small compared
ton'/* in most cases.

Corollary 1. Assumef € C2. If both f/(0") and f/(17) exist and
—oo < f'(0%), f/(17) <0,

then (29) holds with
wm=0(1).
For example, iff (u) = fo(u)/fo1 fo(t) dt, wherefy(u) := 2 —u —u®, b > 1, then~,, = O (1). This
example indicates that the error term in (29) may not in general be optimahirnofiét).
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Corollary 2. Assumef € C2. If f”(u) # 0 and there exists a sequeneg > 0 such that

()
= |7

forall Gy, &k € (uy_q, vy ), k= 2,3,..., A — 3, then (29) holds with

=0 (s [ [0 ),

)

For example, iff (u) = fi(u)/ [, fi(t)dt, wherefi(u) := (1 —u)2, by, by > 0, then there is & > 0
such that .
G|

&)~

forall Gy, &k € (up_1,up1), kK =2,3,...,A =3, and

U)-—-3 1—1/n
/ du=0 / w4+ (1—u)"tdu| =0 (logn).
U1 1

/n

1
Kn

g >y

1
- <
e

f"(w)
f'(u)

Thus
Y = O (logn) .
If f behaves very flatly or steeply near the origin or the unit, say

1— 6l—l/u

ft) = Jo (@ —el=Yuydu’

then tedious calculations yietg, = O(log? n).

4logn
as above. Lef be the right triangle region formed §9, 0), (\/v, 0) and(0, A/v). Let X be a Poison Process
on the plane with density. Denote byM,,(A) the number of maxima ot N A.

Main steps of the proof of Theorem 3. Letv = |/ 4%—. Choosé) = ug < ug < --- <wuy_; <uy =1

(i) We first show that

IT|=a?>+0 (’yn\/logn/n> : (30)

(i) From (30), we next deduce that the number of maxima of the Poissonsgreatsfies

p (Mn(’f) —avmn x) _ o)

sup
—oo<r<o0

1
=0 (n 1y,logn) . 31
ot ( Tn log ) (31)

The introduction of the Poisson process has the advantage of simplifyiagahgsis.

(i) The next step is to show (quantitatively) that most maxima appear near thddrgu
P (|Mn(T) = My (2)| > ey log?n) = O (n72), (32)

whereZ is region close to the boundary defined below (see (40)).
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(iv) We then introduce a mapping dn that basically transform® into 7 and show that the numbers of
maxima under the Poisson process model and the iid uniform distribution medetry close; more

precisely,
p (Mn(Z) —aymn x) _p (Mh(Z) —aymn x)

sup
X

ot ot =0 (x/logn/n) , (33)

where M}, (.A) is the number maximal points dfi(X3), ..., h(X,,)} that also lie inA. Hereh is a
mapping orD; see (39).

(v) The final step is to construct mappingsandhs such thatV,, (Z) 4 M, (2) < My (Z), and

P (M, (Z) = Mn(D) > eyplogn) = O (1), (34)
P (M, (D) — Mp,(Z) > cyplogn) = O (n_l) . (35)

The reason for introducing these mappings is that the dominance relatiswie parts oD may be
changed by the mappirig So we need to “fine-tune” the number of maxima.

We then conclude our Berry-Esseen bound (29)X6y(D) from (i), (i), (iv) and(v) since®’(z) is
bounded.

Proof of (30). It suffices to prove that the total number of sections of the unit intervesifics

A =V2wa + O(7,).

/ka
—d =1 1<k< A
/u Vuk Vuk “ (1= )
k—1

and by Cauchy-Schwarz inequality

/Oul VIF@]du < /N i/ = 0 (1)

Note that

It follows that

‘)\—\/51/04‘ = kad _ Fldul + o) )
2<k<)\ 3 u Vuy, 2<k<)\ s
2> / Mf'@k)\ — VTG du+ o)
2<k<A=3 " Yk—1
' = Vf U U
<f (gk) o v k:7£k E[ k—1> k])
&) = @ v oa
2<kz<;\3uk1\/‘f,£k‘+\/’f/ ()
\f"(Ck)I du+ O(1 .
2<kz<;\ Up_y \/’f’ W+ VI ()] (1) (G € g, )

achan 3, VYNV V&) + VI ()
Lf" (Gl du+ O(1
= Z /uk R+ VL (k) f ()] +ow)

2<k<A—
=0 ('Vn) .
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Proof of (31). From (30), there ig > 0 such that
P (|No(T) — &®n| > cynv/nlogn) = O(n™ 1),

whereN,, (A) is the number of points iA’ N.A. Applying Theorem 1 (conditioning on fixed number of points
in 7), we have

p (Mn(’f) —aymn x) _ ()
ao?\/n

= Z sup

|k—a2n|<cyn+/nlogn v
+0(n™

sup
X

M. — an/m™n
P (ﬁ <z |No(T) = k) — ®(x)

Vrk — ay/mn
S (nm’) PW(T) = 1) + O ™)

|k—a2n|<cyn+/nlogn
=0 (n*i'yn logn) .
To prove (32)—(35), we define first a dissection and then a transfaman D.

Dissection ofD. We split the regiorD into several smaller regions as follows. Let

Qe = {(u,v) + wp_y <u<uy, flu) <v< flu)} (1<k<A),
Ry = {(u,v) sy Su <y, fluy,) <v< f(uk)} (I1<k<A-1),
Wi ={(u,v) + y_y Su<uy, 0<v< flug)} (1<kE<X-2).
Fi_q
A
Qr-1
Fy
Ri—1 Qx Fk+1
Ry, Qi1
f
Wi_1 Wy
U2 Up_q U Upy1

Figure 3:The dissection db.

Let T}, be the triangle formed by the vertices, ,, f(u;_,)), (v, f(u,)) and(u,_,, f(u,)) andFj, =
(Qr — Ty) U (T}, — Q1). Denote by

T:= )T Q=) @ F=|J B, Ri= |J R, W= |J W

1<k<A 1<k<A 1<k<A 1<k<A—1 1<k<A—2
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ThenD is the disjoint union of), R, andWW, andF' is the difference oD and the polygoT" U R U W. The
area off’ satisfies

EEDY —'fﬂ(gk)(vu’“)3+0<bﬂ> (38)

12 n
2<k<A-3

2 1
S g, o)

2| £
sty 122 |F(&0)]

_0 <fyn logn) ’
n

wheref’ (&) = —V fi,/Vu, and|f" ()| = SUDy,  <u<u, |f" ()]

Atransformation. We define a transformatidnon0 < v < 1 as follows. Fory,_; <u < u,, 1 <k < A,

k1 Vi A—k+1 Vu
h(ua U) = ( o =+ (u - uk:—l) vuka v - (f(uk—l) - 7)) V_f:> . (39)
Note thath(T},) is the right triangle region formed by, 2=E) (E A=k) and (AL A=htL) and
Vu
_ A=k — gt _
hmw{ww’“1<u<’i”+l<v<A }
14 1% 14 1%

Basically the main effect af is to transformD into 7.
By construction, the mappinlyis piecewise linear and preserves measure. g ), ..., h(X,,) aren
iid random variables uniformly distributed (D).

Proof of (32). Define
Z:=h(QUR). (40)

The proof for (32) consists of two parts: we first show thdt,(7 — Z — h(F')) is negligible; and then
we estimate the difference between the number of maxiniaand that inh (7' U R).
To show thatM,,(7 — Z — h(F)) is negligible, we start from the following definitions. For= (p1, p2),
let
A(pa-A) = {(U,U) ‘U >p1,v > pa, (U,U) € A}a

represents the first quadrantpothat also lies in4, and define
W:={p:|Ap, T —Z—h(F))| <2logn/n}.

Then

P (Mn(T — Z — h(F) — W) > 1) < 2\exp (—n~ 21‘;?”) =0

We will show that
W] = O(vyn logn/n). (41)

Then the number of maxima iV satisfies
P (M,(W) > ey logn) < P (N,,(W) > eyplogn) = O(n™1).

And the contribution ofM,,(7 — Z — h(F)) is absorbed in the error termy, (log n)? /n'/4.
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To show (41), we need to estimdtg W) N W)|. Define (see Figure 4)

lkzmax{o,l <1— Vi )}, (42)
v Vi

k—1 k A—k—-1 A—k—-1
Lk:{(u,v):—§u<—,—§U<4+lk}, (43)
v v v
and k EA—k—-1 A—k—1
Wk—{(u,v):——l/\FkH§u<—,;—y|Fk+1\§v<;}.
v v v v

Herel,, is the difference between the height/dfl},, 1) and that ofa(R},). Thenh(W,) N W C Lj, U W,

h(Fr—1)
h(Qxr-1)
h(F})
h(Rk—1)
h(Qr)
h(Ry) h(Fi+1)
lk { = h(Qk+1
0 Wk’{'—
k=2 k=1 k k+1

Figure 4:A possible configuration df(D).

Also the area ofV/,, satisfies

< Fip1l” _ [Fega]
W ‘ 2B =] < .
‘ F [Flesa 2| Thr1| 2

We prove thalL| = O(v,logn/n), whereL := UL. Note that ifVu, > Vu,_, then|L,| = 0, and if
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Vu,, < V., then

1 Vu
L = — (1 e )
v VukH

= (Vfi = Vit1) Vi,
\Y% \Y%
< (v—iz B fk+1> (Vu,)?

Vi
< (G| (Va)?, (44)

whereu;,_; < (x < ;. Summing ovek yields

< > Mwﬁo(log”):o(%lﬂ)

2<k<A—3 V21 (&) o .

This completes the proof of (41).
We now estimate the difference between the number of maxima in the r&ggoml that ina (7' U R). It
is obvious that

My (h(Qk)) = Mn(h(T}))
whenN,,(F}) = 0. Summing ovek, we have

IMa(h(@Q) = Ma(h(T)) < D" NalTr U Qy).

k : Ny (Fj)>0

Note that|T;, U Qx| = O(log n/n) and

P ( Z No(Ti U Qp) > ey log? n)

k: Np(Fi)>0
< P (Nu(F) > eyplogn) + P (N, (T UQy)) > clogn for somek)
= O(n_l/Q).

It follows that
P (|Mn(h(Q)) = Mo (W(T))| = eynlog® n) = O(n~'/?).
On the other hand, iV, (Fi U Fi1+1) = 0, then
My (h(B) |2) = M (h(Rg) |T ),
where M, (A; |A2) denotes the number of maximal points®in A, that also lie in4;. Now if

sup |h(Ry)| = O(logn/n), (45)
1<k<\

then similar arguments as above leads to
P (IMu(A(R)|Z) = Mu(h(R) |T)| 2 eyalog®n) = O(n~"/?). (46)
However, if (45) fails, then we define the subsehoRy,):
Ry :={p : p € h(Ry) and|A(p,T N Z)| < 2logn/n},
which satisfies 2| < 8logn/n forall 1 < k < . Also the region
{p : p€h(Ry)and|A(p, 7 N Z)| > 2logn/n},
is negligible (by a similar argument). Thus (46) also holds and this provés (32

Note that the proof can be largely simplifiedfifis known to be convex.
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Proof of (33). Let N, (.A) be the number of points ifh(X1), ..., A(X,,) }NA. Note that Z| = O(y/logn/n).
ThenM(2) 2 M,,(Z) when conditioning onV;, (2) = N, (Z). It follows that

P(Mh(Z)—a ™ <x> _P<Mn(Z)—a ™ <x>‘
ao?\/n ao?\/n

sup
X

. ZP (Mh(j%‘/ﬁ < 2|Ny(2) = k> P (Ny(2) = k)
’ ZP \/ﬁ ik <x|Nn(Z):k>P(/\/n(Z):k)
—w 3 (Mh T <l kz) (P (Nu(2) = k) = P (N,/(2) = k)
<Z\P Ni(Z) = k) = P (Nu(2) = k)|
o (m>,

where the last estimate holds by the usual Poison approximation of binomi#lwtisins:

n n k
Z (k)pk(l _p)n—k: _ e—np( ]f') _ O(p),

k>0

for smallp; see Prohorov (1953).

Proof of (34). Recall thatD = @ U R U V. Obviously,M, (W) is negligible and

Mn(Q) = Mu(h(Q)),

sinceh preserves the dominance relation inside all strips, < v < u, andM,,(Qx) = M, (h(Qy)) for all
1<k<A

We now construct another mappihg such thatV/y, (Z) 4 M (Z) and
P(My, (h(R)) — M,(R) > ¢y, logn) = O(n™1).

Note that the height df(7},) is 1/v and that ofi( Ry ) is u, / (vu,, ;). So thatifpy € Ry andVu, > Vu,_,,
then

h (A(po, D)) € A (h(po), h(D)),

that is,pp € Ry is a maximal point of X1, ..., X, } if h(po) is @ maxima point of h(X}), ..., h(X,,)}, and
thus

My (h(Ry)) < My (Rg).
Consider now the case wh&rnu, < Vu, . Define (recall the definitions of (42) and (43))

( lk) onh(Ry)
g1(u,v) =< (u,v+1/v—=1), onLy,
(u,v), elsewhere

Lethy = g1 o h. Thenh only differs fromh; onh(R;) andL;, whenVu, < Vuy . Forpo € Ry,

h1(A(po, D)) € A (ha(po), h1(D)) ,
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that is,pg is @ maximal point of X1, ..., X, } if h1(po) is a maximal point of b1 (X1), ..., h1(X,)}. Thus the
relation
Mp, (M(Ry)) < My (Rg) + Mp, (Ly,),

holds for alll < k£ < A. So that
Mp, (M(R)) < Myp(R) + My, (L).

Since|L| = O(yy, logn/n), we haveP (Mp,, (L) > cy,logn) < O(n~!). This completes the proof of (34).
The estimate (35) is proved similarly.
The proof of Theorem 3 is now complete.

Remark. Theorem 3 holds for more generél For example, it holds whefiis twice differentiable except
at a finite number of points and the number of components in whishtisfies{w : f'(u) = 0} is finite (y,
has to be suitably modified). The method of proof is to split the unit interval inii@ fnhumber of subintervals
in which eitherf is twice differentiable withf’(u) < 0 or f/(u) = 0 in each subinterval. The contribution of
the rectangles in the subinterval for whi¢{u) = 0 is negligible (being at most of ordésg n; see Bai et al.
2001). Then we defing, in each subinterval in whicli’ < 0 as above and argue similarly.

4 Conclusions

Dominance is an extremely useful notion in diverse fields, and stochashileprs associated with it introduce
concrete, intriguing, challenging problems for probabilists.

We conclude this paper with a few questions. First what is the optimal ratQ)@ (& itn =1/, or
n~1/4~, log n for smoothf? Second, what can one say about large deviations? Almost no resukiscayn
along this direction. Third, how to derive optimal Berry-Esseen bouadsnbixima in higher dimensions?
Even the simplest case of hypercubes remains unknown, although peet€a rate of orddiog n)—(d—l)/2
for the d-dimensional hypercube (see Bai et al., 1998). Finally, we can asltiressame questions for some
structural parameters (like the number of hull points) in the convex hullraindom sample chosen from
some planar regions. Central limit theorems have been derived but nergence rates are known; see
Groeneboom (1988), Cabo and Groeneboom (1994).

A seemingly more natural problem is “what regularity conditionsfamplies the asymptotic normality
of M, (D)?”
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