Stochastic Calculus — Final Examination Solutions
June 17, 2005

There are 12 problems and 10 points each.

1. (Property of Brownian Bridge)
Let BY = {B,,0 <t < 1|B; = 0} be a Brownian bridge, and define dX; = —2tdt + dB;,
with Xo = 0.
a) Show that {B? 0 <t <1} and {X;,0 <t < 1} have the same distribution.
b) Show that ¥; = (1 +¢)B°%, is a standard Brownian motion.
sol: o
(a)
(1)BY = By — tBy,".- By ~ N(0,t),B; ~ N(0,1),tB; ~ N(0,t?) .. linear combination of
normal distribution is still normal. Compute mean and variance.
EBY =0,
EBYB? = s(1 —t)ifs < t = VarB = t(1 — 1)
BY ~ N0, t(1-t)VO<t<1.
(2) According to the solution of OU process, X; = (1 —t) fot —dB,
X, is the linear combination of N.D., therefore it is still a N.D. Compute mean and variance
X; =0,
Ifs <t: EX.X,

0 fO llvdB +‘fs 1- vdB )]
(Js LdBu) | (independent increment)

—5)(1 = t)E[[; (:=)%ds] (Ito’s isometry)
- =s(l—t)= VarX; =t(1 —1t)

"B~ N(0, 1+t) B_ N(O, o

) By ~ N(0, 1) . Y, ~N.D.



fo<s<t<I1(
EXX; = (1+s)
VarY; =t

Y, ~ N(0,1)
(1)Yp =0
(2)Independent increment

VO =ty <ty <..<tn=1:Y —Y,Ys —Yi,., Vs, — Yi

= o
I
‘CIJ
AN
‘ﬂ

COV(Y;i - Ki717 Y;fj - }/;j—l) =0
(3)stationary increment
B(Y,~Y,) =0

Var(Y; — Y;) = Var(Y;) + Var(Y;) — 2Cov(Y;, Ys) =t +s—2s=1t—s
Y, — Y, ~ N(0,t — 5)

(4)Y; ~ N (0,1

(5)B; is continuous in t = Y; is also continuous in t

From (1)~(5), Y; is a SBM.

. a) Solve the following stochastic differential equation

<
L+ t)[EB2 B — y5EB Bl — 15 EB B + ti1hy

dX; = (—aX; + p)dt + odB;, where Xy = x5 and o > 0.

b) Verify the solution can be written as

t
X = e "z + é(e“t —-1)+ 0/ e*dBy).
@ 0

_t

EB} = s =

c¢) Show that X; converges in distribution, as t — oo, and find the limiting distribution.

d) Find the covariance Cov(Xs, X;) for s < ¢.
sol:

(a)

dX; + aXydt = pdt + odB;

multiply e* for both sides

d(e™X;) = BE*'dt + oe**d By

= e X |l = ﬁfot e*ds+ o fot e**dBs



= X, = ez + (e — 1) + afot e**dBy)

(b)
Xy = —OéXt —+ 6

ot

o0Xy
oB, — 9
92Xy _
oz — 7

By Ito’s formula:

dXt = (—O{Xt + 6)dt + O'dBt

(c)

(WEX, =zpe "+ 2(1—e ) — 2 ast — oo

(2)VarX, = 0?E [ e 209 ds = £ (1 — e7%) —  as t — o0
Therefore X, 5 N(g, %) as t — 00

(d) Cov(Xs, X;) = a2e*a(t+s)C0V(fos e“dB,, fot e*“dB,)

— 0.267a(t+s)E fOS/\t 62audu

— %e—a(t-i—s) <620¢(s/\t) _ 1)

. a) Give a precise description of the simplest Girsanov theorem.
b) Let L be the line given by the equation y = a + bt with a > 0. Define

1 = inf{t : B, = a + bt}.

Use the simplest Girsanov theorem (Brownian motion with drift) to derive the probability
density function f, (¢) of 1.

sol:

(a)

If the process {B;} is a P-BM and Q is the measure on C0,7] induced by the process
X; = By + pt, then every bounded Borel measurable function W on the space C[0,T]

satisfies
Eq(W) = Ep(W Mr),

where M, is the P-mtgle defined by M; = exp(uB; — “72'5)
(b)



1, =inf{t: B, =a+bt},7, = inf{t : X; = a}, whereX;, = B, — bt

P(r, <t)=Q(1, <t) = Eg(1(1, <)) = Ep(1(7, < t)Mr)(simplest Girsanov theorem)
whereM; = exp{—bBr — %T}

= Ep(1(1a < )Mirr,) ({72 <t} is Fiypr, measurable)

= Ep(1(a < t) exp(—ab — 57,))

= fot exp(—ab — %s)si%gb(%)ds

fro(t) = 2P(m, < 1) = tg,%aﬁ(“j?t) for t > 0.

. a) State the Martingale representation theorem.

b) State the Feynman-Kac representation theorem for Brownian motion.
Sol:

(a) X; is an {F;}-martingale, where {F;} is the standard Brownian filtration,
if 3a and T', such that E(X2) < oo,
t

and 3! ¢(s,w) € H?[0,T], such that X; = / O(s,w)dBs, YO <t <T.
0
(b) Suppose that the function ¢ : R — R is bounded. Consider

{ u(t,x) =

where f: R — R is also bounded.

If u(t, ) is the unique bounded solution of the function, then
u(t,x) = E[f(x + Byexp( [y a(x + By)ds)]

. The Black-Scholes model is assumed to be

dSt = /LStdt‘i‘O'StdBt,
dﬁt = Tﬁtdt.

a) By using arbitrage theory to show the procedure of deriving the Black-Scholes PDE for

European call option.



b) Show how to transform this PDE into a heat equation.

. (continued)

c¢) Use Fourier transform technique to derive the solution of the above heat equation.

d) Derive Black-Scholes formula for European call option via Feynman-Kac representation.
Sol:

(a) Hedging price Y; = 3, B; + 7.5

Ito’s formula:

dY = (2 + S + 1625290 dt + oS LW,

And

dy = 5tdBt + ’)/tdSt
= (18 By + e Se)dt + 07,5, dW,

Matching coefficient:

{’Yt =§—§

_ 1 (98Y 1 _2028%Y
B =5 (% +30°55%)

. 1 (oY | 1_2¢20%Y oy
Yo = 1 (r + 20757 552) By + 595

N O(T,S,) + Lo*(T, S1)S25(T, S;) = 0
Y(T,S) = f(T,9)

(b) Let
6 =oc*T —t)

z=InS+(r—%)(T—1)

Set u(f), z) = e" TV "S5 then



(c) Take Fourier transform:

9
ot
U

= (0, w) = f(w)e 2w
Inverse Fourier transform:
f( ) ——w296iwzdw

u(0,z) = % f

By transform of Gaussian, we have f(e_%)(w) = Ve 3w
22 _ 22

= e B = FdeB)(w) = Flgo(:))(w)

Therefore,

u(0,2) = fxgg(z)
= o= oo [(W)ge(z — y)dy
_ (= )2

L f) ey
oo (z—v)?
= 7 [ FW)e 7 dy

0o _=w)?
= 7 J o = K) e dy

(d) y = Wipeta +2 = dy = dWy, where {Wy} is the standard Brownian motion.

E(€W9+Z _ K>+ _ E(ezex/éwl _ K)+
_ E(eerge\/@Wrg _ K)+

z (4 z—Iin z (4 z—Iin
— (MBS ) _ [t (k)

S 02 _ 20 r—9_
_ Soq)(ln(fo)t(T;z)(T t)) Ke—rT(I)( (;?)J;( T_2t)(T t))

. Derive the pricing formula for European put option by using the technique of change of
numeraire and Girsanov theorem.

payoff X = (K — S(T))*

p= Bl (K - S(T))"]

= Ele" (K = S(T)I(k > S(T)]

e*”TKP(K > S(T)) — e ™TE[S(T)I(K > S(T))]

= (1) -2



K > Spel~ FITVTZ & < —0—[111(?0) +(r=F)T] = —ds,
where dy = \/_[ln( 0) + (r — ;)T]

(1) = Ke "TP(z < —dy) = Ke " T®(—d,)

(2) = SoEle " TSR (K > S(T)))]

5(0) ,
(Let 4€ = e*rT‘Z((ig)) eWr—FT
Let W, = VVt — ot
k> Soe T+U\/_Z — Spe (r+%- )T+oWT

=z S —dl)
= SoP(z < —dy) = Sy®(—d;) Therefore, p = Ke "T®(—dy) — So®(—d,)

. Barrier option pricing;:
Find the arbitrage price of a contingent claim that pays M if the stock price gets to a level
K or higher during the time period [0, 7] and that pays zero otherwise. In other words,

find a formula for the arbitrage price of the claim

X = MI{ sup Si>K}-

te[0,T]
sol:
sup Sy > K < sup B+ 1(r — U—;)t >imE
te[0,7] te[0,7] 0
Let a=21In& b= —(T—UQ—Q)t
T=inf{B;, =a —|— bt}

a _ (a+bt)?
fr= 2“3? 2t )
ug=e "TEM1(sup S; > K)]=e "TMP(sup S; > K)
te[0,T] t€[0,T7]

= e " TMP(r <T) (Law(u+ 0By, t < T|Pr) = Law(r + 0B, t < T|Pr))
=e "TMP(r, <T)

L K _(_cyp 2 oy~ E oo
— e TM[1 = d( ) + et T (— 2]

a) State the Poisson process martingale property theorem.
b) Let N(t) be a Poisson process with intensity A. Show that

exp{In(l —u)N(t) + urt}, 0<u<1,



10.

is a martingale.

Sol:
(a) Let N(t) be a Poisson process with intensity A. Then M (t) = N(t)— At is a martingale.

(b)

Elexp{In(1 — u)N(t + s)}|F:] = FElexp{In(1 —u)N(t) + In(1 —u)(N(t + s) — N(t)) }F;
= exp{In(1 —u)N(t) } Elexp{In(1 — u)(N(t +s) — N(t
= exp{In(1 —u)N(t) }Elexp{In(1 — u)(N(t +s) — N
= exp{In(1l — u)N(t)} exp{—uls}

Therefore, Elexp{In(1 —u)N(t + s) + ul(t + s)}|F:] = exp{In(1 — u)N(t) + uAt}

~— —

Consider the stock and bond model given by
dS; = p(t, Sy)dt + o(t, S)dB; and dfB, = r(t,S)Bdt,

where all of the model coefficients u(t, S;), o(t,S;), and r(t, S;) are given by explicit func-
tions of the current time and the current stock price. Use the coefficient matching method
to show that arbitrage price at time ¢ of a European option with terminal time 7" and pay-

out h(St) is given by f(t,S;), where f(¢,.5;) is the solution of the terminal value problem

£(LS) = —%O—Q@,x) Funlt2) — r(t D) folts 7) + 1(t, 2) F (£ 7).
f(T,x) = h(z).

Sol:

(a) For European call option, the payout is h(S;) = (S — K)™.
Consider the replicating portfolio at time ¢, V;

Let a;: the number of units of stock.

by: the number of units of the bond.

Total value of the portfolio at time t is
Vi = apSt + b3y

We require that the restructuing of the portfolio be self-financing.
So, the requirement is
dVy = a;dSy + byd 3y



Hence put (1) and (2) into (4)

d‘/;f = Mdt + U(t, St)dBt
= [atu(t, St) + bt'r'(t, St)ﬁt]dt + atU(t, St)dBt

Vi = f(t,S;) and Ito formula for geometric Brownian Motion. =

= [fi(t, Se) + (1/2) fou(t, Sto?)(t, Sy) + fu(t, Seu(t, Sp))]dt + f.(t, S¢)o(t, S;)dB;

Compare (1) and (2) =

Gy = fm(tu St)
bt = m(ﬁ%t, St) + 1/2f:m3(t, St)0'2<t, St))
= aSy + by

= fult, S)S: + m(ft(t, St) 4 1/2fua(t, Si)o*(t, St))

The arbitrage price at time ¢ of European option with terminal time 7" is f(¢,x) which is

the solution of the terminal value problem.

{ fi(t,x) = —%02(75, ) for(t,x) —r(t,x)xfu(t,z) +7r(t, ) f(t, )
f(T,z) = h(z)
(b)from (a)

ay = fa&(ta St)

by rsm (Fe(t, Se) + 1/2faa(t, S)o?(t, St))

Vi = f(t,5) = auS; + by

Hence they replicate h(Sr).

. The price of a security U is defined as the product of two asset prices R and S, i.e.,

Uy = RyS;. Suppose R and S are Ito processes given by

th - 2(100 - Rt)dt + StdBt,
dSt — Rtstdt + StdBt.



Show that {tU;,t > 0} is also an Ito process, and find its expected instantaneous rate of
return at time 0 if Ry = 0.15 and Sy = 35. Sol:

(a).
dU, = UgrdR+ UgdS + UgsdRdS
= S;(2(100 — R,)dt 4+ S;dB;) + Ri(R.Sidt + S;dBy) + Sidt
= (200S; — 2S;R; + R?S; + S?)dt + (S? + R:S;)dB;

Let f = tUy, by Ito formula
dtUy = fydt + fudU + 5 fou(dU)?

= Ut + (200tS, — 2tU, + tU,R; + tS?)dt + (tS? + tR,S,)dB,

B4y = Uyt + 200tS, — 2tU; + tU, R + S}
= Uy+0 (t— o0)
= RoSo
= 0.15-35
= 5.25
. Assume that X follows a geometric Brownian motion with drift o and volatility . The
economy is risk-neutral, and the risk-free rate of interest is r. A machine prints a certificate
worth X (¢) at random time ¢ generated by a Poisson arrival process with intensity A.
What is the value of the machine? Hint: By how much should the asset value change at
the time the certificate is printed? Assume that V' is linear in X.
sol:
dX = aXdt+ o XdW To find the value V of the machine, which pays a cash flow of X (¢)
determined by the Poisson process:
V =V (X)
By Ito’s lemma:
AV =VxdX + %VXX((JZX)2
= [aXVx + %02X2VXX]dt + o X VyxdW
Expected cash gain (ECG) = E[dV] = [O&XVX%O'ZXZVXX]dt
Expected cash flow (ECF) = X \dt (a cash flow paid with probability \dt)
Total Revenue (TR)=ECG+ECF=[aXVy + $02X*Vyxx + X \]dt
Arbitrage theory:
[aXVy + 302XV y + X Ndt = rVdt

10



:>05XV)(—|—%O'2X2VX)(+X)\:TV
Let V=AX+4+B,Vx =A, Vxx =0
r(AX + B)=aXA+0+ XA\
=rA=aA+rB=0

A=-2 B=0

r—a’
Hence, V = 2%
T—x
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